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consider constraints on the submanifolds that are related to the second fundamental form
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on the submanifolds in order to attain curvature inequalities, which we use to study the
(non-)immersibility of manifolds as Lagrangian submanifolds.
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Abstract

In this thesis, we study Lagrangian submanifolds. These submanifolds play a fundamental
role in symplectic geometry as well as in (complex) Riemannian geometry. A major
difference is that where a local classification is trivial in symplectic geometry, it is not in
Riemannian geometry. Such classification, however, is far from complete.

Preliminaries

In the first two chapters of this thesis we give some preliminaries that we will use through-
out. We have opted to give the reader an elaborate reminder of the most important no-
tions, structures and their properties in Riemannian geometry and submanifold theory.
Special focus was placed on the so-called complex space forms, manifolds with a complex
structure J that has several nice properties, and constant holomorphic sectional curva-
ture. They play the role of ambient manifold in this thesis. In particular, we will always
be working in one of three complete, simply connected complex space forms: the complex
Euclidean space C", the complex projective space CP™ or the complex hyperbolic space
CH™.

The objects of study are the Lagrangian submanifolds of these complex space forms.
They are the totally real submanifolds of maximal dimension, i.e. the submanifolds for
which J provides an isometry between the tangent and normal bundle. We give their
basic properties, define a canonical basis of the tangent space which we will need further
in the thesis, and investigate the Cartan structure equations.

Part 1

The first part of this thesis is devoted to parallelity conditions. The first chapter introduces
the notions of parallelity we work with, in a global setting as well as in a Lagrangian
setting. We impose these conditions on three important notions: the mean curvature H,
the second fundamental form h and the cubic form C. We study conditions common
in submanifold theory, such as being totally geodesic, totally umbilical, parallel, ....
However, we also study newer conditions more suitable for Lagrangian submanifolds that
have previously not been investigated: the condition of having pseudo-parallel cubic form,
which was suggested in [DVV09], and we introduce a completely new condition, that of
H-pseudo-parallelity.

The second chapter of part I uses the canonical basis to give a decomposition of the
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tangent space at a point. We base ourselves on techniques that were applied in [Eji82] to
study minimal Lagrangian submanifolds of constant sectional curvature, and in [Dil+12]
to classify parallel Lagrangian submanifolds in CP", to name a few examples.

In the third and final chapter of the first part, we give some classification results
that were achieved in the domain of Lagrangian submanifolds: the classification of La-
grangian surfaces of constant curvature, the H-umbilical submanifolds and the parallel
submanifolds in CP"™.

Part 11

The second part of this thesis is about Chen’s §-invariants. These are obtained by taking
the scalar curvature 7 of a manifold and “throwing away” some sectional curvatures.
The first chapter of part II introduces these invariants, gives an interpretation for some
special cases, and gives a general optimal inequality between the J-invariants and the
squared mean curvature. In particular, we find a nice inequality which holds for totally
real submanifolds of complex space forms, and thus for Lagrangian submanifolds. Some
corollaries obtained from this inequality are given, mostly in relation with the scalar
curvature 7 and the Ricci curvature Ric.

The second chapter is about the inequality restricted to Lagrangian submanifolds.
Whereas the inequality was optimal when considering all submanifolds, it is no longer
optimal when we only look at Lagrangian submanifolds: if equality is satisfied, then the
submanifold is minimal. We have worked out the proof of an improved, optimal inequality
for Lagrangian submanifolds given in [Che+13] in full detail.

The last chapter is a collection of corollaries of this improved optimal inequality. Using
concepts from topology, we give a vanishing theorem for the mean curvature of certain
compact Lagrangian submanifolds, and combined with d-invariants this leads to a non-
immersibility theorem. We also provide improvements of inequalities given in the first
chapter of part II.
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Introduction

The study of Lagrangian submanifolds originates from symplectic geometry. A 2n-
dimensional manifold M?2" is called symplectic if it admits a closed, nondegenerate 2-form
w, the symplectic form. An n-dimensional submanifold M"™ of a symplectic manifold
(M?",w) is called Lagrangian if w|y; = 0. Due to Givental’s theorem, a local classification
of Lagrangian submanifolds is trivial from the symplectic point of view [Arn90; DSO01;
DS04].

Symplectic manifolds and their Lagrangian submanifolds appear naturally in many
aspects of physics. For example, in classical mechanics and mathematical physics [Arn89;
HZ11], but also in string theory [Wit95] and in supersymmetric field theories [GJ0O0].

From the Riemannian point of view, a local classification is far from trivial. The study
of totally real submanifolds was initiated in the 70’s [Bla7h; CHL77; CO74a; Hou73;
Kon76; LOY75a; LOY75b; Yan76; YK76a; YK76b]. It was quickly noticed that “when
[they have half the dimension of the ambient space|, totally real submanifolds have many
interesting properties” [YK76a], which are exactly the Lagrangian submanifolds.

However, since research of Lagrangian manifolds has started, there is still no complete
classification. We can approach the study of Lagrangian submanifolds in two ways: on
the one hand, one can put additional constraints (in addition to being Lagrangian) on
a manifold and attempt the classify these submanifolds. On the other hand, one can
study when a given Riemannian manifold admits a Lagrangian isometric immersion. The
structure of this thesis reflects this twofold approach.

In the first part of this thesis we study constraints involving the second fundamental
form h. Concretely we will work with parallelity conditions on h itself and on its nor-
malised trace H, the mean curvature. We will give the definitions of these constraints,
explain the properties that follow and show how these condition interact.

The second part of this thesis deals with curvature inequalities. We give the definition
of the (intrinsic) d-invariants introduced by Chen [Che93; Che94; Che95] and their relation
with the (extrinsic) mean curvature. We will focus on the optimal general inequality for -
invariants. Once we restrict ourselves to Lagrangian submanifolds again, we show that the
aforementioned inequality is no longer optimal [Che00a] but can be improved [Che+13].
Finally, we will give some corollaries of the improved inequality.






Chapter 1

Riemannian manifolds, complex
manifolds and their submanifolds

This chapter serves as an introduction to Riemannian geometry, complex manifolds and
submanifold theory. It is meant to remind the reader of the notions and the properties
that are commonly used, as well as to provide the framework for this thesis. Special
attention is given to complex space forms, as these will be the ambient spaces containing
Lagrangian submanifolds we work with.

The contents of this chapter are based on standard works such as [Chell; DC92; Gra65;
Mor01; YK85], as well as the lecture notes on Riemannian geometry and submanifold
theory [Vraa; Vrab] by Luc Vrancken.

1.1 Riemannian manifolds and complex manifolds

Before we introduce the “Riemannian” aspect, let us first recall what a differentiable
manifold and its tangent space are and how vectors and vector fields come in play.

Definition 1.1.1. A differentiable manifold M"™ of dimension n consists of a set M,
together with a collection of injective maps ¢, : U, C R* — M (where U, is an open
subset of R™) such that

(1) U, o(Ua) = M,
(i) for every pair a, 8 with V = ¢o(Ua) N¢p(Up) # 0, we have that ¢ (V) and ¢ (V)
are open subset of R" and the maps ¢_' o ¢5 and ¢§1 o ¢, are differentiable,

(iii) the family (U, ¢q) is maximal with respect to properties (i) and (ii).

We will call the family (U,, ¢,) an atlas, and an element of the atlas is called a chart.

Definition 1.1.2. Let M™ be a differentiable manifold. A differentiable map o : I — M is
called a curve in M. Suppose that a(ty) = p and let F (M) denote the set of differentiable
functions on M. The tangent vector to the curve « in t =t is the map

d(f o)

O{/(to)f(M)—)Rf*—) Tt:to
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A tangent vector at a point p is the tangent vector to a curve « in t, where a(ty) = p.
We identify two tangent vectors if they work in the same way on all locally differentiable
functions. We denote the collection of all tangent vectors at a point p by T, M, the tangent
space to M at the point p. The (disjoint) union of the tangent spaces T,M at all points
p of M is called the tangent bundle T M.

Definition 1.1.3. A wvector field X on a manifold M is a map that associates with every
point p of M a tangent vector at the point p. We call X differentiable in a neighbourhood
of p if and only if the map X : M — TM is differentiable in a neighbourhood of p.
Moreover, we define

(i) X(f)(p) = Xp)(f),
(ii) (X +Y)(p) = X(p) +Y(p),
(iii) (fX)(p) = f(p)X(p),

for any differentiable function f on a neighbourhood of p.

Property 1.1.4. Let X be a vector field an f and g differentiable functions on a neigh-
bourhood of p. Then we have that

(i) X(fg) = fX(g)+9X(f),
(i) X(af +bg) =aX(f)+0X(g).

Proposition 1.1.5. If X and Y are differentiable vector fields, then there exists a unique
differentiable vector field Z such that

Z(p)(f) = XP)(Y f) =Y (p)(X)).
This vector field is called the Lie bracket of X andY and is denoted by [X,Y] = XY -Y X.

Property 1.1.6. Let X,Y, Z be differentiable vector fields, let f, g, h be differentiable
functions and let a, b be real numbers. Then

(i) [X,Y]=—[Y, X],
(i) [aX +0bY,Z] = a[X, Z] + b]Y, Z],
(i) [[X, Y], 2]+ [[v, Z], X] + [[2, X], Y,
(iv) [fX,gY] = fglX, Y]+ [X(9)Y — gY (/)X

We now make the step from differential geometry to Riemannian geometry, by intro-
ducing Riemannian metrics and the Levi-Civita connection.

Definition 1.1.7. A Riemannian metric on a differentiable manifold M™ is a map that
assigns to each p € M a positive definite, symmetric bilinear form (.,.), on T, M such
that for vector fields X, Y, the function (X,Y)(p) = (X (p), Y (p)), is differentiable. If a
differentiable manifold is equipped with a Riemannian metric, it is called a Riemannian
manifold.



1.1. Riemannian manifolds and complex manifolds 5

Remark 1.1.8. If X is a tangent vector, we will often write ||X|| for the length of the
vector X, ie. || X2 = (X, X). Because the metric is positive definite, the norm is a
positive function.

Definition 1.1.9. An affine connection V on a differentiable manifold M is a map which
associates to two differentiable vector fields X, Y a differentiable vector field VxY such
that

(1) VixsgvZ = fVxZ +gVyZ,

(ii)) Vx(Y+2) =VxY +VxZ,

(i) Vx(fY)=X(f/)Y + fVxY,
where XY, Z are differentiable vector fields and f, g are real functions on M.

Proposition 1.1.10. On a Riemannian manifold, there exists a unique affine connection
that satisfies the following properties:

(1) XY, Z)=(VxY,Z)+(Y,VxZ) (compatible),
(ii)) VxY —Vy X = [X,Y] (symmetric),
which s called the Levi-Civita connection.

From now on, the symbol V will always be the Levi-Civita connection unless mentioned

otherwise. We now let the Levi-Civita connection work on tensors rather than vector
fields.

We say that a tensor T is of type (n,m) if it takes n vectors as arguments and returns
m vectors.

Definition 1.1.11. If T is a tensor of type (n,1), we can define a tensor V1 of type
(n+ 1,1), the “derivative” of T', by

(VXT)(Y1,... Vo) = VXT (Y1, .. Yo) = > T(Vi,..., VY, V),
i=1
and similarly for a tensor T" of type (n,0) we define the tensor VT of type (n + 1,0) by
(VxT)(V1,.... Vo) = X(T(Vi,... . Yo)) = > TV, VY. Y,).
i=1

We can then define the k-th order derivative by

..........

Remark 1.1.12. This differentiation behaves well with respect to the metric: if 7" is a
(n, 1)-tensor and we define the (n + 1, 0)-tensor

T/(va ses 7Yn+1) = <T<}/17 D 7Yn)7 Yn+1>7
then we find that
(Vi x D(Y1, . Y0), Yara) = (Vi x, T Y1, Yo, Yag).

..........
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Definition 1.1.13. The Riemann curvature tensor R is defined by

R(Xa Y) = [va VY] - V[Xy]
=VxVy —VyVx —Vy,v +Vy, x
- v%(,Y - v?’,Xﬂ
and we interpret R(X,Y)Z as a tensor of type (3,1).
Property 1.1.14. The curvature tensor R has the following properties:
(i) R(X,Y)=—R(Y,X),
(ii) (R(X,Y)Z, W) = —(R(X, Y)W, Z),
(iii)
)

(RIX,Y)YZ, W)= (R(Z,W)X,Y),

(iv (X Y)Z = 0 (first Bianchi identity),

(v)

X

»<[1]

(V xR)(Y,Z) =0 (second Bianchi identity),

“«[I]

where = denotes the cyclic sum over its indices.

A important operator closely related to the curvature operator is the following:
Definition 1.1.15. We define the wedge operator N as
(XAY)Z =(Y,Z)X — (X, 2)Y.
It satisfies all of the properties of the Riemannian curvature tensor mentioned above.
Definition 1.1.16. The sectional curvature K is defined by

(R(X,Y)Y, X)
(X, X)(V,Y) — (X, Y)?

K(X,Y) =

If 7 is a 2-dimensional subspace of T,,M spanned by vectors X,Y’, we will also write
K(m) = K(X,Y). In fact, K(m) is independent of the chosen basis.

For a surface S, the tangent space 7},S is 2-dimensional at every point. The sectional
curvature K (7T,M) equals the Gaussian curvature K (p) at every point p € S, hence they
are both denoted by K. As a consequence, for a surface we have that the curvature
operator takes the following form:

R(X,Y) = K(p)(X AY).

Definition 1.1.17. The Ricci tensor is defined as
Ric(X,Y) =) (R(e;, X)Y, e;),

=1

and the Ricci curvature of a unit vector X is defined as

Ric(X) = Ric(X, X) ZK e, X

where {ej,...,e,} is an orthonormal basis of T, M.
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Definition 1.1.18. The scalar curvature is defined by

T—ZK ez,e] = ZK 6“6] = ZRIC ei),

1<J
where {ej,...,e,} is an orthonormal basis of T, M.

Definition 1.1.19. If Ric(X,Y) is a multiple of (X,Y) for each X,Y € T,M and at
every point p € M, then we say that M is an Finstein manifold.

Definition 1.1.20. If K(X,Y) = ¢ with ¢ € R, for all X,Y € T,M and at every point
p € M, then we call M a real space form which we denote by M(c). The curvature tensor
of a real space form is of the form

R(X,)Y)=c¢(X NY).
We say that M is a flat manifold when it is of constant sectional curvature ¢ = 0.

Lemma 1.1.21 (Schur’s Lemma). Let M"™ be a Riemannian manifold of dimension n >
3. Suppose that there is a function ¢ € F(M) such that at any point p and for any
X, Y € T,M we have that K(X,Y) = ¢(p). Then c is actually a constant function, i.e.
M is a real space form.

We now turn towards Riemannian manifolds with complex structures.

Definition 1.1.22. A Riemannian manifold M is called an almost complex manifold if
and only if it admits an almost complex structure J, i.e. for any p € M, there exists a map
Jp : T,M — T,M such that J? = —Id and for any X, JX(p) := J,X(p) is a differentiable
vector field.

Remark 1.1.23. For M to have an almost complex structure, it is necessarily of even
dimension. Because of this, when talking about an almost complex manifold M", n
denotes the complex dimension rather than the real dimension.

Definition 1.1.24. Given a tensor field of type (1,1) on M, the Nijenhuis tensor of A
is a tensor of type (2,1) given by

NA(X,Y) = —AY[X, Y] + A[AX, Y] + A[X, AY] — [AX, AY].

Definition 1.1.25. We say that an almost complex manifold M is a compler manifold if
the Nijenhuis tensor A; of the almost complex structure J vanishes everywhere.

Definition 1.1.26. An almost complex manifold M for which J is compatible with the
metric, i.e.

(X,)Y) =(JX,JY),

is called an almost Hermitian manifold. If M is moreover a complex manifold, it is called
a Hermitian manifold.

Note that this compatibility is equivalent to (X, JX) = 0. So we can see J as a
rotation by 90 degrees: by repeatedly applying J to a vector, we obtain the sequence
X, JX,—X,—JX, X, JX,.... All these vectors lie in the plane spanned by the orthogonal
vectors X and JX.
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Definition 1.1.27. An almost Hermitian manifold M is called a Kahler manifold if
VJ =0, ie. forall X,Y € T,M,

(VxJ)Y = VyJY — JVxY = 0.

Remark 1.1.28. This conditions implies that N; vanishes. Thus Kahler manifolds are
always Hermitian manifolds.

1.2 Complex space forms

We ended the previous section by introducing Kahler manifolds. Suppose we want more
symmetry on the manifold, then we could require that a Kéhler manifold has constant
sectional curvature c¢. However, the only Kéhler manifolds of constant sectional curvature
are either 2-dimensional or flat, which is too restrictive. Therefore we define the following
notion:

Definition 1.2.1. The holomorphic sectional curvature of a Kahler manifold M is defined
as K(X, JX).

Rather than requiring a Kahler manifold to have constant sectional curvature, we
impose that it must have constant holomorphic sectional curvature.

Definition 1.2.2. A Kéahler manifold of constant holomorphic sectional curvature 4c is
called a complex space form, which we denote by M"(4c).

The reason for the factor 4 is purely aesthetic, as will become clear soon. It is simply
there to prevent having to write division by 4 constantly, and serves as a good way to
distinguish real space forms and complex space forms. Analogous to real space forms, the
curvature tensor of complex space forms takes a special form:

RIX,Y)=c((XAY)+ (JX AJY) +2(X, JY)J). (1.2.1)

Property 1.2.3. This curvature tensor R of a complex space form J interacts with the
complex structure J in the following ways:

(i
(ii

) R(X,Y) = R(JX,JY),
)
(ii)
)
)

R
R(X,JY)=—R(JX,Y),

R(X,Y)J = JR(X,Y),

(iv) (R(X,Y)JZ,JW) = (R(X,Y)Z,W),
(v) (R(X,Y)JZ,W) = —(R(X,Y)Z, JW).

Proposition 1.2.4. Let M"(4c) be a complex space form. Then the Ricci tensor of M is
gien by
Ric(X,Y) = 2¢(n + 1)(X,Y), (1.2.2)

and therefore M is an Einstein manifold.



1.2. Complex space forms 9

Proof.

Ric(X,Y) = Z<R(e,.,X)Y, e:)
= czn: (((e; N X)Y,er) + (Je; AN IX)Y, e;) + 2(e;, JX){(JTY, e;))
= cz (X, Y ) e, 1) — (e, Y ) es, X) 4+ (JX, Y ) (Je;, e;)

—(Jei, Y (e;, JX) 4 2(e;, JX)(JY, €;))

=c <2n<X, Y) — Z (X, (Y eer) + (JX, (JY,ei)e;) + (JX, (JY, e»e,-)))
=c(2n(X,)Y) — <);, Y)+ (JX,JY) +2(JX,JY))
= 2¢(n +1)(X,Y),

which proves the proposition. O]

A simply connected complete complex space form can be identified with a complex
projective space CP", a Euclidean space C" or a complex hyperbolic space CH™ according
asc>0,c=0o0rc<0.

The complex Euclidean space C" is always given the Euclidean metric:
(Xp, Yp) = Re(z191 + 222 + -+ + T0n).
Definition 1.2.5. The complex projective space CP™ can be defined as follows:

CP" =C" "\ {0} /{p ~ A | A € C\{0}}.

Now, let IT : C"™'\{0} — CP™ be the natural projection, and consider its restriction to
S +1(1). From now on IT will always be the restriction map. This restriction is surjective
and two points p, ¢ have the same image if and only if p = eq for some t € R. We
give C"*1\{0} the Euclidean metric. Note that the position vector field P restricted to
S2nt1(1) is a unit normal vector field on S?" (1), and thus £ =P is a globally defined
unit vector field on S?**1(1). We obtain that (dII), is surjective and has kernel span{¢,}
for any p € S*"t1(1).

Now for any vector field X on CP", there is a unique vector field X on $*"*1(1) such
that (dII)(X) = X and X is everywhere orthogonal to £&. We will call this vector field the
horizontal lift of X. This allows us to put a metric on CP™:

Definition 1.2.6. The Fubini-Study metric on CP™ is the metric (.,.)pg defined by
(Xps Yohrs = (Xg, Yohsanriy,

where (., .)g2n+1(1) is the metric on S?"*1(1) induced by the Euclidean metric of C"*', and
g € 171 (p).
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Note that this definition is independent of the point ¢, because the map p — e on
S?n+1(1) is an isometry which preserves £ and horizontal lifts from vectors fields on CP™.

The complex hyperbolic space CH™ can be defined in a similar way. We consider the
space Ci', which is the set C"*! with metric

(X, Yy) = —xoYo + 2101 + - - + TpYn-
Instead of the sphere S?"1(1), we consider the anti-de Sitter space
Hi"t = {p e Ci"" | (p.p) = -1}

We define the complex hyperbolic space CH™ as the set of equivalence classes of HZ"*
under the action p — Ap. Thus we find a projection II : H?"*' — CH", and we may
define a metric on CH"™ in the same way we did for the complex projective space.

1.3 Submanifold theory

In this section we will explain the idea of a submanifold and discuss the basic tools we have.
We will also give commonly used constraints on submanifolds. For notational purposes,
everything with a tilde ~ will be related to the ambient manifold, e.g. M, R,V ...

Let M and M be differentiable manifolds and let ¢ : M — M be a differentiable map.
However, this map only works on points of the manifold, but not on its tangent vectors.
Therefore we have the derivative map:

Definition 1.3.1. Let ¢ : M — M be a differentiable map between differentiable mani-
folds. Then at any point p € M, consider the map
~ d
d¢p : TpM — Td)(p)M U= E<¢ o ”y) ,
t=0

where 7 is a curve in M such that v(0) = p and ~/(0) = v.

Definition 1.3.2. Let ¢ : M — M be a differentiable map between differentiable mani-
folds. We say that

(i) ¢ is an immersion if and only if d¢, is injective for all p € M,
(ii) ¢ is an embedding if and only if ¢ : M — ¢(M) is a homeomorphism,

(iii) if ¢ is an immersion, then we will say (M, ¢) is a submanifold of M.

In Riemannian geometry we require something stronger than an immersion.

Definition 1.3.3. Let (M,(.,.)a) and (M, {(.,.)y;) be Riemannian manifolds and ¢ :
M — M an immersion. We call ¢ an isometric immersion if and only if

(X, V) = (do(X), do(Y)) i (1.3.1)

for every X,Y € T,M at every point p € M.
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On the one hand, we can start with A and M both having their own metric, and
verifying if a given immersion between them is isometric. On the other hand we could
also take M to be a differentiable manifold immersed by ¢ in a Riemannian manifold
(M, {.,.) ) and give M the metric defined by (1.3.1), which we call the induced met-
ric. Then M becomes a Riemannian manifold (M, (.,.)s/) and ¢ becomes an isometric
immersion between (M, (.,.)ar) and (M, (.,.) ;7).

Because d¢ is injective, we will simply “forget” to write the d¢, by identifying d¢(1,M)
with T, M. We will also write TpM rather than T¢(p)M since an immersion is locally an
embedding.

We can split up the tangent space of M as T,M = T,M & T, M. Thus we can denote
by X" and X+ the tangent and normal components of a vector field X respectively. This

decomposition is unique. We shall denote elements of 7, with Roman letters (e.g. X,
Y, ...) and elements of T-M with Greek letters (e.g. &, 7, ...).

The first tools to study submanifolds are the formulas of Gauss and Weingarten. Let
V be the Levi-Civita connection of M and V the Levi-Civita connection of M let X,Y
be tangent vector fields and £ a normal vector field. We can decompose the vector fields
VY and V€ into tangent and normal components as follows:

VxY = VxY +h(X,Y), (1.3.2)
Vx€=—AX + V& (1.3.3)

Definition 1.3.4. We call h is the second fundamental form of the immersion, A is the
shape operator and V* is the normal connection. Note that both the second fundamental
form and the shape operator are tensorial.

Property 1.3.5. These have the following properties:
(i)

(i) (AX,Y) = (AcY, X),

(iii) (A(X,Y),8) = (AeX,Y),

(iv) V+ has the usual properties of a connection.

WX, Y) = (Y, X),

Definition 1.3.6. Since V< is a connection we can define its associated curvature, the
normal curvature R+ by

RL(Xv Y) = [V)L(, VL] v[X Y]

We will define another connection:

Definition 1.3.7. The Van der Waerden-Bortolotti connection V is defined as
V=VaeVvh

This simply means we apply the Levi-Civita connection of M on a tangent vector field,
and we apply the normal connection on a normal vector field. For a vector Y € T, M this
would mean that

Vx(Y)=VxY T +VsYL
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Its differentiation works similarly, for example when used on the second fundamental
form we obtain

(Vxh)(Y,Z) =V=h(Y,Z) — h(VxY,Z) - h(Y,VxZ).

Denote by R and R the curvature tensors of M and M respectively, and by R the
normal curvature. The equations of Gauss, Codazzi and Ricci are then given by

(R(X,Y)Z)" = R(X,Y)Z — Ay 2y X + Anix.0)Y, (1.3.4)
(R(X,Y)Z)" = (Vxh)(Y, Z) = (Vyh)(X, Z), (1.3.5)
(R(X,Y)E)F = RH(X,Y)E+ h(A:X,Y) — (X, AcY), (1.3.6)

or equivalently by
(R(X,Y)Z),W) = (R(X,Y)Z,W) — (h(Y, Z), (X, W)) + (WX, Z),h(Y,W)), (1.3.7)
(R(X,Y)Z,€) = (Vxh)(Y, 2),€) — (Vyh)(X. 2),€), (1.3.8)
(R(X,Y)8,n) = (RH(X, V)€, m) — ([Ae, A )X, Y). (1.3.9)

Since (R(X,Y)¢,Z) = —(R(X,Y)Z,€), we omit (R(X,Y)€)T as it would be equivalent
to the equation of Codazzi.

Definition 1.3.8. The mean curvature H is defined as the normalised trace of the second
fundamental form, i.e.

1
H:—traceh Zh €iy €i),

where {e1,...,e,} is an orthonormal basis of TpM”.

Based on the second fundamental form, shape operator and mean curvature, we can
define the following constraints:

Definition 1.3.9. A submanifold M is called
e totally geodesic if h = 0,
e totally umbilical if A¢ is a multiple of the identity for any &,
e minimal if H=0.

If M is an almost complex manifold, we can define constraints related to the almost
complex structure J:

Definition 1.3.10. A submanifold M of an almost complex manifold M is called
e holomorphic if J(T,M) C T,M and therefore J(1T,M) =T,M ,
o totally real if J(T,M) C T,;-M, ie. (JX,Y) =0 for all X,Y tangent to M.

And finally if M is a Kéhler manifold, we have:
Definition 1.3.11. A submanifold M" of a Kihler manifold M™ is called

e Kadhler if it is holomorphic, then M is itself a Kdhler manifold,

e Lagrangian if it is totally real and n = m, or equivalently J(T,M) = T;-M.
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1.4 Forms and cohomology

In this section, we define forms on a differentiable manifold, and show how they induce a
cohomology.

Definition 1.4.1. We define the set of k-forms A’;M at pe M as
AsM = {w, : (T,M)* — R | w multilinear and alternating}.

Property 1.4.2. We have the following properties:
(i) ADM =R,

)

(i) AJM = (T,M)*, the dual space of T,,M,

(iii) ApM =R,
)

(iv) AyM = {0} for all k > n,

(v) AEM is a real vector space of dimension (})).
Definition 1.4.3. The exterior product A of forms works as follows:
A AEM s ALM — ASFIM 2 (wp, ) = (w An),p,
where

(w A\ T])p<1}1, - ,Un) = Z Sign(a)wp(va(l), - ,Ug(k)) . TIP(UU(’H—I)? o 7Ua(k+l))-

0ESk41

However, we want to work with forms on the entire manifold rather than just in a
point.
Definition 1.4.4. We define the set of all k-forms on a differentiable manifold M as
kay k
MM =] MM
peEM

and we restrict this set to the forms that are smooth:
QFM)={w: M =AM p—w,|w, € A];M and w smooth},

where smoothness means that for any vector fields X7, ..., Xy, w(Xy, ..., X)(p) : M - R
is a smooth function.

Remark 1.4.5. A 0-form w € Q°(M) is just a smooth function M — R, so Q°M = F(M).
Definition 1.4.6. We define the exterior derivative d as
d: QM (M) — QMY(M) : w e dw,

where
k41

dW(Xl, Ce 7Xk+1) = Z(—l)z—’_lX( (Xl, Ce ,Xi_l, Xi+1, e 7Xk~+1)>

+Z H_Jw X“X] Xl?"'7Xi—17Xi+17"'7Xj—17Xj+l7"'an-i-l)-

1<J
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Property 1.4.7. This exterior derivative has the following properties:
(i) if w € QY(M) = F(M), then dw(X) = X (w),
(ii) dod =0,
(iii) If w € QF(M), then d(w An) = dw An+ (—1)kw A dn.

Definition 1.4.8. We call a k-form closed if dw = 0, and well call it ezact if there is a
(k — 1)-form n such that dn = w. Then we define the sets

ZF(M) = ker(d : Q¥(M) — QF(M)) (closed k-forms),
B*(M) = im(d : QF"Y(M) — Q~(M)) (exact k-forms).

Note that an exact form is always closed: if w = dn € B¥(M), then dw = d?n = 0,
thus we find that B¥(M) c Zk(M).

Definition 1.4.9. We call the quotient

ZM(M)

H§R<M) = Bk(M)’

the k-th de Rham cohomology group of a differentiable manifold M. We denote its dimen-
sion as a real vector space by

bi(M) = dimg HbR(M),
the k-th Betti number.

Property 1.4.10. Let M be a differentiable manifold. Then

(i) bo(M) is the number of connected components of M,
(ii) M is connected if and only if by(M) = 1,

(iii) If by (M) = 0, then M is simply connected. The converse does not hold in general.

We now introduce some forms on a Riemannian manifold M which will be useful later
in this thesis.

Definition 1.4.11. The dual forms to an orthonormal basis {e,...,e,} are the 1-forms
w' such that A
w'(e;) = ij-

Deﬁnition 1.4.12. The connection forms of a Riemannian manifold M are the 1-forms
w such that ‘
wj(er) = (Ve,ei,€5),

and the curvature forms are the 2-forms Q/ defined as

o S
Q) = dwj + E wy, A wy.
k
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Property 1.4.13. These forms have the following properties:

(1) % 3
(i) wi =0,
(i) Qf = -0,
(iv) @ =0,
(v) ¥ =353, (Rlei, e)er, enw® A

We will now apply these forms to submanifold theory. Let M"™ be a Riemannian
submanifold of a Riemannian manifold M™. Let {e1,..-,€n,€ns1,--.,6m} be a local
orthonormal frame such that {ey, ..., e,} are tangent to M and {e,+1,. .., €, } are normal.
Let {w!,...,w"} be the dual frame of {ey,...,e,}.

We shall make use of the following convention on the ranges of indices unless mentioned

otherwise:

1<a,B,7v,...<m;1<u,5,kl<nn+1<rst,....,<m.

We denote by wj the connection forms of V., the Levi-Civita connection of M, and we
define the curvature 2-forms of M, restricted to M, as

~ 1

Qf = 5 Z<R(ea, eg)er, e)w® AW,
kel

Theorem 1.4.14. The Cartan structure equations are given by

dw' = =) @i AW, (1.4.1)
J
dol =2 @i nal+ wp Aak+ (1.4.2)
T k
oy =Y @i A+ Y Eh A+, (14.3)
J s

dof =2 @f NG+ Y ay AdL+ Q. (1.4.4)
7 t






Chapter 2

Lagrangian submanifolds

This chapter is devoted to give properties that hold for Lagrangian submanifolds of com-
plex space forms in general. We apply formulas of Gauss and Weingarten and the Gauss,
Codazzi and Ricci equations to Lagrangian submanifolds, give an appropriate basis of the
tangent space at a point which will prove very useful in proving certain theorems and
propositions, and finally apply the Cartan structure equations to Lagrangian submani-

folds. This chapter is based on [Che01; Chell; CO74al.

2.1 Properties

Let M"™ be a Lagrangian submanifold of a complex space form M "(4¢). Let us start by
noting that the “power” of a Lagrangian submanifold comes from the property J(7,M) =
TpLM . This means that T, and TpLM are in fact isomorphic, where the isomorphism
is given by the almost complex structure J. This implies that any normal vector can be
written as the image under J of a tangent vector, and vice versa.

Note that we will from now on assume that n > 2. If n = 1, then every 1-dimensional
submanifold of a complex space form is Lagrangian.

As mentioned before, the main tools of submanifold theory are the formulas of Gauss
and Weingarten and the fundamental equations of Gauss, Codazzi and Ricci. There-
fore it is natural to see what happens to these formulas and equations for a Lagrangian
submanifold.

Property 2.1.1. For a Lagrangian submanifold of a complex space form, we have that:

JAyX =h(X,Y), (2.1.1)
ViJY = JVyY, (2.1.2)
AJXYZAJYX. (213)

Proof. Consider the Kahler condition V.J = 0. We apply the formulas of Gauss and
Weingarten:

0=VxJY —JVxY = —A; X + VxJY — JVxY — Jh(X,Y).

17
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The first two properties now follow by taking the tangent and normal components respec-
tively. The third property follows from the first, since the second fundamental form A is
symmetric in X and Y. O]

The following (3, 0)-tensor will be very important and will be one of the main tools to
study Lagrangian submanifolds.

Definition 2.1.2. We define the cubic form C on T,M as
C(X,Y, 2) = (h(X,Y),JZ).

Remark 2.1.3. If we are working with an orthonormal basis {ey,...,e,} of T,M, we will
often write

Cijk = C(ei, €j, €k)-
Property 2.1.4. The cubic form C is totally symmetric.

Proof. We can prove that C' is symmetric in its first two components by using the sym-
metry of h:

C(X,Y,Z)=(h(X,Y),JZ)=(hY,X),JZ) =C(Y, X, Z).
Using (2.1.1) we find
C(X,Y, Z) = (AixY, Z) = (AixZ,Y) = C(X, Z,Y),
so C'is also symmetric in its last two components and is therefore totally symmetric. [J

Let us now take a look at the curvature tensor R of M.

Property 2.1.5. The curvature tensor R of the complex space form M (4¢) is

RIX,Y)= (X AY) + (JX AJY)). (2.1.4)

In particular, we have that

R(X,Y)Z =X NY)Z, (2.1.5)

R(X,Y)JZ =&JX ANJIY)JIZ. (2.1.6)

Proof. All of these equations follow from the fact that a Lagrangian submanifold is totally
real. O

Next, we want to study equations of Gauss, Codazzi and Ricci for Lagrangian sub-
manifolds. The equation of Gauss will give us information about the curvature tensor R
of the Lagrangian submanifold:

Property 2.1.6. Let M be a Lagrangian submanifold of a complex space form M (4¢).
Then the curvature tensor R of M is

RX,Y) = &(X AY) + [Ayx, Ayy]. (2.1.7)
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Proof. Consider the equation of Gauss (1.3.7). We have that
(WY, 2), (X, W) = (JAyZ, JA;xW) = (A Z, AjxW) = (Ajx Ay Z, W), (2.1.8)
and similarly we have
(WX, Z),h(Y, W) = (A AsxZ,W). (2.1.9)
So applying (2.1.4), (2.1.8) and (2.1.9) to the equation of Gauss, we end up with
(X AY)Z W) =(R(X.Y)ZW) — (AjxAnZ,W) + (A AixZ, W),
which proves the property. O

Next, we consider the equation of Codazzi.

Property 2.1.7. For a Lagrangian submanifold M of a complex space form M (4c), we
have that Vh is totally symmetric.

Proof. Consider the equation of Codazzi (1.3.5). We know that R(X,Y)Z has no normal
components, so we end up with

(Vxh)(Y,Z) = (Vyh)(X, Z),

which means that (Vxh)(Y, Z) is symmetric in X and Y. But (Vxh)(Y,Z) is always
symmetric in Y and Z, so Vh is actually totally symmetric. [

Due to equations (2.1.2), (2.1.6) and (2.1.8), the equation of Ricci (1.3.6) for La-
grangian submanifolds is equivalent to the equation of Gauss.

2.2 Canonical basis

In this section, we introduce a canonical basis for the tangent space T,M [Dil+12; Eji81;
LV05; LW09; MUS8S|, which will prove very useful in analysing the tangent space.

Let T be an n-dimension real vector space and C' a totally symmetric (3, 0)-tensor on
T. Let us define
U={XeT[|X] =1},

which is simply the unit hypersphere in T'. We choose the vector

e; = argmax C(X, X, X), (2.2.1)
XeU

Since the (2,0)-tensor C'(e1, X,Y) is symmetric in X and Y, it can be diagonalised. We
show that e; is an eigenvector:

Lemma 2.2.1. The vector e; defined in (2.2.1) is an eigenvector of the (2,0)-tensor
C(@l,X, Y)



20 Chapter 2. Lagrangian submanifolds

Proof. We have to prove that C(eq, ey, X) is zero for any vector X orthogonal to e;. Take
the curve

v, X) (0,27 x {X eU|X Le} - U: (t,X) > cos(t)ey + sin(t) X,
Now, we have that

C(y(t, X),v(t, X),v(t, X)) = cos®(t)C (e, e1, e1) + 3cos?(t) sin(t)C (e, e1, X)
+ 3cos(t) sin?(t)C(er, X, X) +sin®(1)C(X, X, X).

Differentiating this with respect to t gives

%O(y(t, X),(t, X), v(t, X))

= —3cos?(t)sin(t)C(e, 1, 1) + (3cos?(t) — 6cos(t) sin?(t))C ey, €1, X)
+ (6 cos*(t) sin(t) — 3sin®(¢))C(er, X, X) + 3cos(t) sin®*(¢)C(X, X, X).

By definition of e;, we know that C((t, X),v(¢, X), (¢, X)) reaches a maximum at ¢ = 0.
We evaluate the derivative in ¢ = 0, so

d
0= EC(PY(taX)aV(taX%fY(t?X)) :30(617617)()’
t=0
so we find that C(eq,er, X) must be zero and thus e; is an eigenvector. O

Definition 2.2.2. A canonical basis of T' for a totally symmetric (3, 0)-tensor C' is an or-

thonormal basis {eq, ..., e,} such that e; is defined as in (2.2.1) and all e; are eigenvectors
of the (2,0)-tensor C(ey, X,Y).

Now that we have a suitable basis of eigenvectors {ej,...,e,}, we can study their
eigenvalues {\1, ..., A\, }.

Property 2.2.3. A canonical basis {ey,...,e,} with eigenvalues {\1,..., \,} satisfies
the following:

(i) Cuisj = Nidyy,
(11) )\1 Z 2)\1 for 2 S 7 S n and if )\1 = 2)\1, then szz = O,
(iii) if A; = 0, then C' = 0.

Proof. Ttem (i) follows directly from the fact that the e; are all mutually orthogonal
eigenvectors of the tensor C'(eq, X,Y).

To prove item (ii), note that the second derivative to ¢ of C(v(t, X),v(t, X),v(t, X))

must be nonpositive since we have a maximum at t = 0. So we calculate this derivative

%C(v(t,X),'y(t,X),v(t,X)) = (=3 cos®(t) 4 6 cos(t) sin?(t))C(ey, €1, €1)
+ (=21 cos?®(t)sin(t) + 6sin’(t))C(er, €1, X)
+ (6 cos®(t) — 21 cos(t)) sin®(t)C (e, X, X)
+ (6 cos?(t) sin(t) — 3sin®(¢))C(X, X, X).
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Evaluating at ¢ = 0 gives us

d2
0> —5C0/(X), (1 X), 1 X))| = =3C(er, er,e1) +6C(er, X, X),
t=0

so if we choose X = ¢; with ¢ € {2,...,n} we indeed find that \; > 2);. Now suppose that
equality is attained for some i: A; = A;/2. Then d;C’(v(t, ei),v(t,e;),v(t, e)) = 0.
t=0

But C(v(t,e:),v(t, &), 7(t, e;)) reaches a maximum at ¢ = 0 so the third derivative must
then be zero too. We calculate the third derivative:

d3

dt3C( Y(t,e:),v(t, e:), v(t, e)) = (21 cos?(t) sin(t) — 6sin®(¢))Ch1;

+ (=21 cos®(t) + 60 cos(t) sin®(¢))C11

+ (=60 cos®(t) sin(t) + 21 sin®(¢))Cly

+ (6 cos®(t) — 21 cos(t) sin?(t)) Ciy;.
So evaluating at t = 0, we get

d3
- dtgc( ( i)’fY(zzei)’F}/(t?ei)) - 60““
t=0

so indeed Cj; is zero.

For item (iii), note that if \; = 0, then C'(X, X, X) = 0 for all X € T. By linearity
we obtain C' = 0. [l

Remark 2.2.4. If \y = 2)\; for some 7 € 2,...,n, we also know that the fourth derivative of
C(y(t, e;),v(t, e;),v(t, e;)) must be nonpositive. However, calculating the fourth derivative
gives us that 60\; > 21\, which is obviously the case.

Remark 2.2.5. In general there is no “unique” canonical basis. For example, if V' is the
m-~dimensional eigenspace for an eigenvalue Ay spanned by {e;, ..., €;1m_1}, then for any
v € V we find that C'(e;,v,v) = Ay. So any orthonormal basis {f1,..., fin} of V satisfies
C(es, fi, fj) = Avé;;, and we can replace {e;, ..., €irm-1} by {f1,..., fin} in the canonical
basis without changing any of its properties.

Definition 2.2.6. Let M be a Lagrangian submanifold of a complex space form. A
canonical basis for the vector space T,M and the cubic form C will simply be called a
canonical basis of T,M.

Remark 2.2.7. Note that this basis forms a frame, i.e. the e; all form local vector fields
[Sza82|. If this were not the case, a vector field of the form V., e; would not be differen-
tiable.

2.3 Cartan structural equations

We have introduced the Cartan structural equations before. In this section, we study
how these equations behave when applied to a Lagrangian submanifold M of a complex
space form. We shall denote by {es,...,e,} a basis for T,M, thus TpLM is spanned by
{Je1 =epi1, ..., e, = e, }. We find the following properties:
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Property 2.3.1. Let M" be a Lagrangian submanifold of a complex space form M "(4¢).
Denote by @ the connection forms of V and by € the curvature forms restricted to M.
Then

(i

) A
(i) ~f+n= &
(iii) Q; Q;iz,
(iv) Qf” = —Q;+n.

Proof. All properties follow from straightforward calculation:
‘I}zj"(@a) = <@ea€i7€j> = <Jﬁeaeiv Jej) = <@ea‘]eiv Jej) = <@ea€i+na €jtn) = Zi:(ea>
@j—'—n(ea) = <@ea€i)€j+n> = _<J@€a‘]ei7 Jej) = _<@ea€i+m €j) = —@g+n(€a),

2

- _ 1 ~
i k I k l
= 3 Ekl (R(e;, ej)er, epw® Aw' = 3 kgl (R(Jei, Jej)er, eyw"” A w

— i+n
-5 E €Z+n76j+n 6k76l>w /\w - Q 4o

. 1 . 1
Q= 5 Z(R(ei, €jin)er, e )W Awh = = Z(R(ei, Jej)er, e)w® A W'

k)l 2 k)l
1 - 1 - -
=—3 (R(Jei, e;)ex, e)w® Aw! = ~3 Z(R(eiM, ejer, eyw® Aw = —Q% |
kel ,l
so all properties check out. O

Using these symmetries, we may rewrite the Cartan structure equations for Lagrangian
submanifolds:

Theorem 2.3.2. The Cartan structure equations for a Lagrangian submanifold of a com-
plex space form are as follows:

> @i A, (2.3.1)
J
dol =23 " @h,, N+ @ Ak + Q) (2.3.2)
k k
dol™ =Y "ap Aal, + Y @l Aaf,, + (2.3.3)
k k

Proof. These equations follow from writing every normal index r, s,t as a tangent index
plus n in the Cartan structure equations, and applying the above properties. O

Remark 2.3.3. Since @ = !/, the Lagrangian equivalent of (1.4.4) is already given by

(2.3.2).
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Parallelity conditions on Lagrangian
submanifolds
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Chapter 3

Parallelity conditions

Up till now, there does not exist a complete classification of Lagrangian submanifolds
of complex space forms. Therefore it seems useful to study and attempt to classify La-
grangian submanifolds with additional constraints. We will study constraints related to
the mean curvature, the second fundamental form and the cubic form.

3.1 Notions of parallelity

In this section we introduce different notions of parallelity for a tensor 7. Much of this
section is based on [Dil+13].

One of the ways we can put a constraint on a Riemannian manifold M is to have
a condition on a certain tensor T'(Uy,...,U,) on T,M. The most symmetric condition
would be to demand the tensor vanishes, however, in many cases this is too strict. A
weaker condition is the following:

Definition 3.1.1. Let T be a (n,0)- or (n, 1)-tensor on a Riemannian manifold M. We
call T' parallel when VT = 0.

We could produce weaker conditions by taking higher-order derivatives, i.e. V¥T =0
for some k € N. However, a different option exists. We could make the curvature tensor
R act as a differentiation on a tensor, similar to how we defined differentiation by the
Levi-Civita connection:

Definition 3.1.2. Consider a Riemannian manifold M. Then:
(i) if T(Uy,...,Uy) is a (n,0)-tensor on M, we define:

RIX,Y) - T(Uy,....U) = —T(R(X,Y)Uy,Us,...,Uy)
e = T(UY, ..., Un_1, R(X,Y)U,),

(i) if T(Uy,...,U,) is a (n,1)-tensor on M, we define:

R(X,Y)-T(Uy,....U) = R(X,Y)T(U,...,Uy) —T(R(X,Y)Uy,Us,...,Uy,)
= T(Uh,. .., Usr, RIX,Y)U,).

25
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Definition 3.1.3. Let T" be a (n,0)- or (n, 1)-tensor on a Riemannian manifold M. We
call T" semi-parallel when R -T = 0.

This is a strictly weaker condition than V27T = 0, as implied by the following theorem:

Theorem 3.1.4 (Ricci identity). Let T be a (n,1)-tensor. Then we have that

R(X,Y)-T(Uy,....U,) = (ViyT)(Ui,...,Up) = (Vi xT)(Uy, ..., Uy).

Proof. Simply by expanding, we have

(Vi T)(Us,...,Up) = Vx(VyT) (U, ..., Un) = (Voo T) (U, ... Uy)

= VxVyT(Us, ..., D VXT(Ur,...,VyUi,...,Uy)
=1
— Voo T(Uh, ..., T, +ZT U,...,VouwU,...,U,)

- ZVyT(Ul,...,VXUZ-,...,Un)

+ZT Ui, . VyVxUs,....Uy)

+ZT (U, ....VxUs,...,VyUj,...,Uy),
i#]

and similarly we have

(V3xT)(Us,...,Uy) = VyVT(Uy,...,U,) — ZVyT(Ul, L VxUs, . U)
— Vv, xT(U,....T, +ZT Uy,....VoyxUs, ..., Uy)

=Y VxXT(Uy,....VyU,....Uy)

i=1

+Y T(Ur,...,VxVy U, ..., Uy)

+Y T(Uy,...,Vy Ui, VxUj,..., Uy).
i#]j
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Taking the difference between these two derivatives of T" gives

(ViyT) (Ui, ..., Up) = (Vi xT) (U, ..., Uy)
=VxVyT(Uy,...,U,) = VyVxT(Uy,...,Uy,)
Voo T(Uy,...,Uy) + Ve, xT(U, ..., Up)

=Y T(Uh,....VxVyUs, ..., U)+ Y _T(U1,...,VyVxU,...,Uy,)
=1 =1

=Y T(Uh,....VoyxUs,...,U) + > T(U1,...,VouyU,...,Up)
=1 =1

=R(X,Y)T(Uy,...,U,) — iT(Ul, L RX,YVU; . Uy)
=R(X,Y) -T(U,...,U,), -
which proves the Ricci identity. O
Similarly, for (n,0)-tensors we have the following:
Theorem 3.1.5 (Ricci Identity). Let T' be a (n,0)-tensor. Then we have that
R(X,Y)-T(Uy,....U,) = (ViyT)(Ui,...,Up) = (Vi xT)(Uy, ..., Uy).

Proof. The proof is identical to the previous Ricci identity, by replacing derivatives of the
form VxT'(Uy,...,U,) by the directional derivatives X (T'(Uy,...,U,)). O

We can produce an even weaker condition by using the wedge operator A, which
behaves like a curvature tensor.

Definition 3.1.6. Consider a Riemannian manifold M. Then:
(i) if T(Uy,...,Uy) is a (n,0)-tensor on M, we define:

(XAY)-T(Uy,...,U) = —T(XAY)UL,Us,...,U,)
e = T(UY, . Uny, (X AY)UL),

(ii) if T(Uy,...,U,) is a (n,1)-tensor on M, we define:

(XAY)-T(U,...,U) = (X AY)T(Uy,...,U) = T(X AY)UL, Us, ..., Uy)
= T(Uh, .. Uner, (X AY)UL).

We now define a new operator R — ¢A as
(R—oN)(X,)Y) - T(Uy,...,U,) = RX,)Y) -T(Uy,...,U,) — (X ANY)-T(Uy,...,U,),
where ¢ € F(M).

Definition 3.1.7. Let T be a (n,0)- or (n,1)-tensor on a Riemannian manifold M. We
call T pseudo-parallel when (R — ¢N\)-T =0, for any ¢ € F(M).
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Note that for this condition to be useful, we will often require that the function ¢ is
unique in a certain sense. This will become clear later in this thesis.

All of these notions of symmetry have been applied in an intrinsic context, by choosing
T = R. The Riemannian manifolds with most symmetry are the flat ones, i.e. R = 0.
In the 1920’s Cartan introduced in [Car26] the notion of locally symmetric spaces, being
the Riemannian manifolds with VR = 0, and later classified these with help of an older
paper of his [Carl4]. Later, he generalised these to the semi-symmetric manifolds having
R - R = 0 [Car46], which were classified by Szabd [Sza82; Sza85]. Deszcz defined the
pseudo-symmetric manifolds as those satisfying (R — ¢A) - R = 0 [DG8T7].

It was proven in [DDV97] that for a Kéhler manifold of (real) dimension n > 4, the
only pseudo-symmetric Kéahler manifolds are the semi-symmetric ones. For dimension
n = 2, an example of a non-semi-symmetric pseudo-symmetric Kahler manifold was given

in [Ols03].
Remark 3.1.8. In the definition of semi-symmetric manifolds, the second curvature tensor
in R- R may be ambiguous: one can interpret it as a (3, 1)-tensor R(X,Y)Z, but often it
is also interpreted as a (4,0)-tensor R(X,Y,Z, W) = (R(X,Y)Z,W). This confusion is
possible in general: an (n, 1)-tensor T'(Uy, ..., U,) can be interpreted as a (n+ 1, 0)-tensor
T Uy, ..., Uy, Uyrr) = (T(Uy,...,U,),U,s1) by combining it with the metric. However,
the next proposition shows this doesn’t matter.
Proposition 3.1.9. Let T be a (n,1)-tensor, and define T' as

T/(Ul, ey Un, Un+1) = <T(U1, ey Un), Un+1>,

so it is a (n + 1,0)-tensor. Then
(1)) (R(X,)Y)-T(Uy,...,Up,),Up1) = R(X,Y) - T'(Uy,...,Ups, Upir),
(”) <<X A Y) ’ T(Ula cey Un)7 Un+1> = (X N Y) ’ T/(Ula ooy Un, Un+1)'

Proof. Ttem (i) follows from a direct computation:

n+1

R(X,Y)-T’(Ul,...,Un,UnH):—ZT’ Up,...,RIX, VU, ..., Upp1)

= _Z Ul?"'a Xay)Uia"'7Un)7Un+l>
— (T(Ul,... Un), R(X,Y)Upi1)
:—Z (Uh, ..., RX, VU, ..., U), Unsr)

+ <R(X, Y)T'(Uy,...,Un),Uns1)
=(R(X,)Y) -T(Uy,...,Up,),Ups1).

Because the wedge has the same symmetries as a curvature tensor, item (ii) is proven in
the exact same way as item (i). O
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In submanifold theory we look at extrinsic properties, e.g. the mean curvature H,
the second fundamental form h or the cubic form C. If we are considering a tensor that
returns a tangent vector or a scalar (e.g. the cubic form), we can naturally apply all the
previous notions of parallelity. However, in the case where we have a normal vector (e.g.
the second fundamental form or mean curvature) we will not use V and R to differentiate.

Instead, we will use the Van der Waerden-Bortolotti connection V and its associated
curvature tensor R = R @ R‘. As the wedge operator A does not have a “normal
counterpart” like V+ for V and R* for R, we cannot do something similar for it.

Definition 3.1.10. Let N(Uy,...,U,) be a (n, 1)-tensor returning a normal vector. We
define:

(VxN)(Uy,...,U,) = VxN(U,...,U,) — N(VxUy,Us,...,U,)
— = N(Uy,...,Up_1,VxU,),
R(X,Y)-N(Uy,...,U,) = R*(X,Y)N(Uy,...,U,) — N(R(X, YU, Us, ..., Uy,),
— - = N(Uy,...,Up_1, R(X,Y)U,),
(XAY)-N(U,...,U,) = = N(X AU, Us, ..., Uy)
— o = N(Uy, ..., Up_1, (X AYU,).

We also name these conditions like before.

Definition 3.1.11. Let N be a (n, 1)-tensor on a Riemannian submanifold M. Then we
say that N is parallel if VN = 0, that it is semi-parallel if R- N =0 and finally that it
is pseudo-parallel if (R — ¢N) - N =0 for any ¢ € F(M).

Similar properties as before hold. First, we have the Ricci identity for a (n, 1)-tensor
returning a normal vector:

Theorem 3.1.12 (Ricci Identity). Let N be a (n,1)-tensor returning a normal vector
field. Then we have that [MUSS]:

R(X,Y)-N(Uy,...,U,) = (VxyN)(Uy,...,Up) = (Vi xN)(Uy, ..., Up).

Proof. Again, the proof is identical to the first Ricci identity, by replacing the derivatives
of the form VxT'(Uy,...,U,) by VxN(Uy,...,U,). O

Now, let us restrict ourselves to Lagrangian submanifolds. We have that J “commutes”
with the Levi-Civita connection V and the curvature tensor R when these are used for
taking derivatives.

Theorem 3.1.13. Suppose we have a (n,1)-tensor N returning a normal vector, then
JN is a (n,1)-tensor returning a tangent vector field. We have that

N)(Ul,,Un>:(V§<1 ..... XkJN)<U17-~-;Un>;

7777 k

(ii) J(R(X,Y)-N)(Uy,....Uy) = R(X,Y)- JN(Uy, ..., Uy).
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Proof. The proof is quite straightforward using the definitions of the differentiations. For
item (i), let us work by induction. First consider the case k = 1.

J(VxN)(Uy,....U,) = JVxN(Uy,....Uy) = J Y N(Ui, ..., VxUi,...,Uy)
=1
=VxJN(Uy,...,Us) = > IN(U,...,VxUi,....Uy)
=1
- (VXJN)(Ul,,Un)

Now suppose that

77777

then we find

J(?Igfl ..... XkN)(U17 R Un)

= IV, (Vi x N0, U =T (Vi N, VX, Ui, U)

.........

=V, J(V! x N Un) =Y IV (U, VUi, Uy)

.........

77777

=V, (Vi x N (UL, U =Y (VL IN) (U Vi Uy Uy

.....

Item (ii) follows from taking k = 2 in item (i) and applying the Ricci identities. O

We also find that V and R behave well with respect to the metric.

Theorem 3.1.14. Suppose we have a (n,1)-tensor N returning a normal vector. Define
the (n + 1,0)-tensor N’ as

N'(Uy, ...\ Un, Upir) = (N(U3, ..., Up), JUnsr).

Then we have that

(Z) foranyk €N7 <(v]§(1 ..... XkN)(U17"'7UTL)7JUTL+1> = (V];:(l XkN/)(U17"‘7Un7Un+1>7

,,,,,

(it) (R(X1,X5)  N(Ui,...,Up), JUps1) = R(X1,Xo) - N'(Us,...,Up,Ups1).
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Proof. For item (i), let us work by induction. First consider the case k = 1:

(VxN)Uy,...,Up), JUppr) = (VxN(Uy,...,Up), JUps1)
= (N(Ur,...,VxUs, ... Un), JUpp)
j=1
= X(N(Uy,...,Up), JUpns1) — (N(Uy, ..., Un), Vi JUpi1)
— zn:N’(Ul,...,VXUi,...,Un,UnH)
j=1
= X(N'(Uy,...,Up,Uns1)) = N'(Uy, ... ,Un, VxUpy1)
— Zn:N’(Ul,...,VXUi,...,Un,UnH)
j=1

= (VXN/)(Ula ceey Una Un+1)-

Now assume that

.........

— Z((v’;(;}m,xkzv)(zfl, VX Ui U, U

— X1<(v]§(_21 XkN>(U1’ ey Un), JUn+1>

77777

- <(?’;{_21 XkN)(Ulv SRR Un)7 Vg_(l JUn+1>

- Z(V_]g(_g,l,XkN/)(Ul’ s 7VX1UZ'7 sy Un7 Un—i—l)
j=1

-----

-----

Item (ii) follows from taking k& = 2 in item (i) and applying the Ricci identities. O

As mentioned before, the wedge operator A does not have a “normal” counterpart.
Therefore the differentiation by the wedge does have these nice symmetries. However
one may wonder if it is possible to define, at least in the Lagrangian setting, a normal
counterpart A*?

The answer is yes. We can do this by imposing that the wedge and its normal coun-
terpart must behave similar to R and R*, which makes sense since the wedge operator
behaves like a curvature operator. Since R+J = JR or thus R+ = —JRJ, we can define
the normal wedge as follows:
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Definition 3.1.15. The normal wedge A* is defined as
XATY =—J(XAY)] =JX AJY,
and we define the Lagrangian wedge as
A=AB A

Since the Lagrangian wedge has the exact same symmetries as the Van der Waerden-
Bortolotti curvature, we find the following:

Theorem 3.1.16. Suppose we have a (n, 1)-tensor N returning a normal vector field, then
JN is a (n,1)-tensor returning a tangent vector field. Moreover, define the (n + 1,0)-
tensor N' as

N' Yy, .., Y0, Y1) = (NYy, ..., Y,), JY ).

We have that
(i) J(X1 AXo) - N)(Yy,....Y,)) = (X1 AXs) - JN(YY,...,Y,),
(M’) <<X1 A XQ) ’ N(lea s >Yn)7 JYn+1> = (Xl /\XQ) ’ N’(Yi, SR >YnaYn+1)'

Definition 3.1.17. Let N be a (n, 1)-tensor on a Riemannian submanifold M. Then we
say that N is Lagrangian pseudo-parallel if (R — ¢A) - N =0 for any ¢ € F(M).

This is again a weaker condition than semi-parallelity, but in general there is no
relation between pseudo-parallelity and Lagrangian pseudo-parallelity. In a certain sense
Lagrangian pseudo-parallelity is a more “logical” generalisation of semi-parallelity than
pseudo-parallelity.

One the one hand, we see that the Lagrangian wedge retains the symmetries that the
Van der Waerden-Bortolotti curvature has when used as a differentiation. On the other
hand, it seems unnatural that when M has constant sectional curvature, and thus the
curvature tensor R is a multiple of the wedge operator, R and A act differently when used
to derive a tensor. For the Lagrangian wedge this is not the case. Moreover, we obtain
the nice identity that if M has constant sectional curvature ¢, Rt = cA*.

3.2 Mean curvature

Often studied is the mean curvature H, which is the normalized trace of the second
fundamental form A. Most commonly known are the minimal submanifolds, who have
H = 0. By differentiating H in the ways mentioned in the previous section, we can
produce weaker conditions. We shall give the following definitions:

Definition 3.2.1. We define the following conditions related to the mean curvature H:

Name Condition
Totally geodesic h
Minimal H=0
H-parallel / Parallel mean curvature | VH = VIt H =0
H-semi-parallel R =
H-pseudo-parallel (R—¢N)-H = (Rt —¢AH)H =0
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Proposition 3.2.2. Every condition in the above table implies the next:
h=0 = H=0 = V'H=0 = R'H=0 = (Rt —¢A")H =0.

Remark 3.2.3. The condition of “R*H = 0" was first introduced by Deprez in [Dep85]
(with no specific name given), and was first named “H-parallel” in a preprint of [Dil413].
However, this was rather unfortunate, as “parallel mean curvature” and “H-parallel”
would then be two different notions which could easily be confused with each other. In
the published version of [Dil+13], the condition of R*H = 0 was renamed to “H-semi-
parallel”. We will use “H-parallel” to denote V- H = 0 and “H-semi-parallel” to denote
R*H =0.

Remark 3.2.4. We have defined the notion of H-pseudo-parallel using the Lagrangian
wedge instead of the standard one. The reason for this is that A- H is trivial. This would
have made the condition of H-pseudo-parallel equivalent to H-semi-parallel, which is not
very useful. The definition given here is in general not equivalent to H-semi-parallel.

The simplest kind of Lagrangian submanifolds are the totally geodesic ones, i.e. the
Lagrangian submanifolds with h = 0.

Theorem 3.2.5. Let M™ be a Lagrangian submanifold. Then M 1is totally geodesic if and

only if M has constant sectional curvature ¢ and M is minimal.

Proof. 1f M is totally geodesic, the curvature tensor (2.1.7) becomes
R(X,)Y)=¢(X AY),
so M is a real space form of constant curvature ¢. Because H is the normalised trace of

h, clearly M is minimal.

Conversely, assume M has constant sectional curvature ¢ and H = 0. Then we know
that

(R(X,Y)Z,W) = (&(X AY)Z,W) = (R(X,Y)Z, W),
so the equation of Gauss (1.3.7) becomes
(h(Y,Z),h(X,W)) — (h(X,Z), (Y, W)) = 0.
Let {e1,...,e,} be an orthonormal basis for 7,M and choose X = Z =¢; and Y =W =

ej, and take the sum over all 1 <7,5 <n:

0= Z ((h(ei,ei), h(ej, e;)) — (h(e;, e;), hei, e;)))

i7j

= <Z h(ei, ei), Z h(e;;, e]-)> = (hlei e5), hlese))

i?j

=n? (H,H) = > |[hlei e;)|?

i,j=1

== e &)l
1,J

Since the norm is a positive function, we get h(e;,e;) = 0 for every 1 < 4,j < n and
therefore M is totally geodesic. O
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But what for minimal Lagrangian submanifolds of constant curvature c¢ in general?
We first introduce the following lemma:

Lemma 3.2.6. Suppose there exists a positive constant o such that

a((X, Z)(Y, W) — (X, W)(Y, Z))

+ 3 C(X, Z,e)CY, W,e;) = S0 C(X, W, e,)C(Y, Z, ;) = 0, (3.2.1)

and }
> C(X eie) =0, (3.2.2)

i=1
where {e1,...,e,} is an orthonormal basis of R™. We take the basis {fi,..., fn} where

fi = argmaxy e an, C(X, X, X) with (UM), ={X e UM | X L f1,...,fiza}. In
particular, f1 is the ej-vector from a canonical basis.

Then C' has the following expression with respect to the basis {fi,..., fu}:

1—1
a 1
Ciii = (n—1) | ———— E ” , )
(n=1) n—1i+1 (n—i+1+a)=

zeZé_l a=1

1—1
o 1
Ciii=— | ——— E || 7
7 n—i+1 (n—i+1+a)=

szt o=l
ngk - 07
where 1 <i,j,k <mn andi < j <k [Eji82].

Proof. Let {e1,...,e,} be a canonical basis. Choosing X =27 =¢; andY =W =¢; in
(3.2.1) where ¢ > 1 we find
A?—)\l)\i—ﬁzo,

1 1 7/

However, only the choice for minus satisfies A; < A\;/2, which is required by the canonical
basis. Choosing X = e; in (3.2.2) we have that

which has 2 solutions, being

M+t .+ A =0.

Since there is only one possible value for Ay, ..., \,, they are all equal and in particular

we find
«Q
M=Mm-=-1)/—
1 (n )\/;7

A2

(6]
== =)=
n
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We can now prove the lemma by induction. Let us first consider the case n = 2. Note
that in this case we may assume fo = e;. We then know that

«
CY111:)\1:\/;:

«
Clo = Ay = — 5

By (3.2.2) and the properties of the canonical basis, we find
Cazp = —=Ch12 = 0.

Then all values for the case n = 2 check out. We now assume the form of the basis is true
for dimension < n—1 and we consider the lemma for dimension n. Now, if { X" Y’ Z' W'}
are spanned by {es, ..., e,}, then

Cler, X', Y') = M (X", Y"),

and as a result we find that
1
« <1 + —> (X", ZWY W'Y — (X WY, Z"))
n

+2_ O Z4e)O(Y, We) = 3 CO(X', W' e)C(Y', Z',e5) = 0,

i=2 =2

and
Z C(X' e, e) =

Since « (1 + %) is still a positive constant, by the induction hypothesis the subspace
spanned by es, ..., e, has the required form (after a transformation of basis to fs, ..., f,).
Remains to verify the values containing at least one index 1. But C;; = Ay and Cy;; with
2 < n attain the correct values, since they equal the eigenvalues A\; and \; respectively.
Finally, C11; and C};; for 2 < i # j < n are all zero due to the properties of the canonical
basis. This proves the lemma. O

Remark 3.2.7. The proof given above is much shorter than the original given by Ejiri
in [Eji82]. In said article the property \; < A\;/2 was not used, resulting in a long and
complicated calculation to show that all eigenvalues \; (i > 2) are equal.

Theorem 3.2.8. A minimal Lagrangian submanifold of constant sectional curvature c is
either flat or totally geodesic [Eji82].

Proof. The equation of Gauss and minimality imply the previous lemma applies, with
a=c¢—c. If a =0, then by lemma 3.2.6, C' = 0 and M is totally geodesic. If o < 0, then
we could follow the steps of lemma 3.2.6 to find that A\; € C\R, which is impossible. So
we assume « > 0. We use the equation of Codazzi (1.3.5):

Véh(ei, 61) - h(Velei, 61) - h(ei, Velel) - Véh(el, 61) + 2h(Veiel, 61) =0.
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We split up the Levi-Civita connection V of M in its connection forms wf . We will
do this term by term:

n

Vih(ener) =V Y (h(eer), Jes)Je; = ZC’ (e1,€i,€5) IV, €;
_ . /Cgczwg’(el)tfej,
j=1

h(Veei,e1) =h (Z Wl (e1)e;j, el> = wa(el)h (ej,e1),
j=1

j=1

7=1

3

_ J
h(e;, Ve e1) = (ez, g wi(er)e ) E wl e1)h (e, e;),
Jj=1

n

Vjih(el,el) = VLZUL(el,el) Jej)Je; = ZC’ er,e1,e;)JIVe,e;

7j=1
n

—c
(n—1) E wl(e;)Je;,
n
J=1

3

h(Veer,e1) = <§ w (e; 6],61> E wl e;))h (ej,e1),
Jj=1

so we end up with

E—Cm LI L
T e = D wilenh (e ) = 3wtk e )
JI= =] i=j
Cn—1)/E ; c > wie)Je; +2> wie)h(ej,e) = 0.
Jj=1 j=1

We take the inner product of this with Je;, and using that w is skew-symmetric in its
indices, we find

[¢—c N
0= — w; ( Zw e1)C el,el,ej)—Zw{(el)C(el,ei,ej)
=1
c—c ;
—(n—1)4/ Tw%(ei) +2 Zw{(ei)C’ (e1,€1,€5)
j=1

= \/?wi(el) +(n — 1)\/?%(61) + \/?wli(el)
= (n+ 1)\/?@(@1).
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Since ¢ # ¢, we find that wi(e;) = 0 for all i € {1,...,n}. Likewise, take the inner
product with Jep (k # 1), using the previous result together with the properties of the
connection forms:

[c—c SN
0= — wi( Zw e)C el,ek,ej)—Zw{(el)C’(ei,ek,ej)
j=1
(n—l)\/uwl (e; —I—QZwl e;)C (€1, ex,€;) =0

= \/—w er) y/—w e1) —(n—1) \/—wl e;) +2\/—w1 ei)
= —(n+ >VTW1(€z)

So wi(e;) = 0 for all ¢ € {1,...,n}, k € {2,...,n}. Combining this with the previous
result, we obtain that wi(e;) = 0 for all 4,57 € {1,...,n}. Now we have that for any
X eT,M:

n

Ve = Z(X, ei)Ve,e1 = Z (X, e Zwl ei)e; = 0.

=1

Using the fact that the sectional curvature is constant, we find
Cc= K(Gu 61) = <R(6ia 61)61, 62') = <V6ive1€1 - Velveiel - V[ei,el]ela €i> =0,

thus M is flat. O]

We may weaken the condition of M being minimal in theorem 3.2.8 to H-semi-parallel.

Corollary 3.2.9. Lagrangian submanifolds of constant sectional curvature ¢ are H-semi-
parallel if and only if they are flat or totally geodesic.

Proof. First suppose that M™ is a H-semi-parallel Lagrangian submanifold of constant
sectional curvature c. Let X be a unit vector orthogonal to JH. We have that

0= (R“(JH,X)H,JX) = —(H, JR(JH,X)X) = —c(H, J(JH A X)X) = c||H|]*

Thus have that M is flat or minimal, and by the previous theorem, it is flat or totally
geodesic.

Conversely, if M is flat then Rt = 0, and if it is totally geodesic then H = 0, both
imply that R*H = 0 and thus M is H-semi-parallel. O]

The function ¢ € F(M) in the definition of H-pseudo-parallelity is unique in some
sense.

Theorem 3.2.10. Let M be a Lagrangian submanifold that is H-pseudo-parallel for func-
tions ¢ and psi. Then ¢ =1 on the set M\{p € M | H, = 0}.



38 Chapter 3. Parallelity conditions

Proof. If M is H-pseudo-parallel for both the functions ¢ and 1, then we have that
(6= V)(JX A JY)H =0,

for all X,Y € T,M. Choose Y to be a unit vector such that JY is orthogonal to H and
choose X = JH, then we find that

(¢ =) H|* =0.
Now let p € M such that ¢(p) # 1 (p), then H(p) = 0. Consequently,

{peM|op)#¢p)} c{peM|H(p) =0},

which proves the theorem. O

We cannot weaken the condition of H-semi-parallel in theorem 3.2.8 any further to
being H-pseudo-parallel, because of the following proposition:

Proposition 3.2.11. Let M be a Lagrangian submanifold of constant sectional curvature
c. Then M is H-pseudo-parallel for the function ¢ = c.

Proof. Choose the function ¢(p) = ¢ for all p € M. Since M has constant sectional
curvature, we find that (Rt — cAt) = 0 thus M is H-pseudo-parallel. O

Finally, when we look at Lagrangian surfaces of complex space forms, we may locally
classify the H-semi-parallel Lagrangian surfaces.

Theorem 3.2.12. Let M? be an H-semi-parallel surface. Then at every point p € M,
M is either minimal or flat [CLOY].

Proof. Since we are working with n = 2, R* = KAt with K the Gaussian curvature.
Thus choosing a unit vector X orthogonal to JH, we obtain:

0=(R"“(JH,X)H,JX)=-K{(HANJX)H,JX) = K| H|J?

thus at any point p € M either K(p) =0 or H(p) = 0. O

However, the notion of H-pseudo-parallelity is useless for Lagrangian surfaces.

Proposition 3.2.13. Let M? be a Lagrangian surface. Then M is H-pseudo-parallel for
the function ¢ = K with K the Gaussian curvature.

Proof. A surface always has curvature tensor R = KA. So (R — KA) =0 and thus M is
H-pseudo-parallel for ¢ = K. n
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3.3 Umbilicity

In general, the simplest kind of manifolds besides the totally geodesic ones are the totally
umbilical manifolds.

Definition 3.3.1. A submanifold is called totally umbilical if for any & € Tpi]\/[ , the shape
operator A is a multiple of the identity. So there exists a constant ¢ such that for any
X € T,M, we have

A X = A X.

An equivalent definition in terms of the second fundamental form is that for any & € T le ,
there is a constant A¢ such that for any X,Y € T,M,

<h(X’ Y)7§> = >‘§<X7 Y)

We can easily determine this multiple:

Proposition 3.3.2. Let M™ be a totally umbilical submanifold. Then for any § € T,M,
the shape operator is a multiple of the identity, and this multiple is \e = (H, ).

Proof. From the definition of totally umbilical, we find that
<h<€i76i)7§> = Ae.
Taking the sum over all 1 < ¢ <n and dividing by n gives us A\¢ = (H,§). O

As it turns out, in the Lagrangian setting, being totally umbilical is equivalent to
being totally geodesic.

Theorem 3.3.3. Let M™ be a Lagrangian submanifold. Then M 1is totally umbilical if
and only if it is totally geodesic [COT/b].

Proof. Let us first assume M is totally umbilical, i.e. for any X,Y € T),M,
A;xY = (H, JX)Y.
Let X be any vector and choose a unit vector Y orthogonal to JH. We find that
(H,JX) = (H, JX)(Y,Y) = (A;xY,Y) = (A X, Y) = (H, JY)(X,Y) = 0,

and thus A;x = 0. This holds for any X € T,M, so h(X,Y) = JA,xY = 0 for any
X,Y € T,M and thus M is totally geodesic.

For the converse, note that if M is totally geodesic, it is minimal and thus
A;xY =—-Jh(X,Y)=0= (H, JX)Y,
for all X,Y € T,M, so M is totally umbilical. O

Probably the simplest Lagrangian submanifolds besides the totally geodesic ones, are
the H-umbilical submanifolds, which were introduced by Chen in [Che97a; Che97b].
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Definition 3.3.4. A Lagrangian H-umbilical submanifold is a Lagrangian submanifold
for which h takes the following form:

h(ei,er) = AJer h(ea,ex) = ... = h(e,,e,) = uJey
hiei,e;) = puJe; h(e,e;) =0 2<i#j<n,

for some suitable functions A and p, with respect to some suitable orthonormal local frame
field {e1,...,e,}. An equivalent definition when H # 0 is given by

hX,Y) = (A — 3p)(JX, H)JY, H)H, + 50 (X, YVH, + (JX, H)JY + (JY, H)JX),
where Hy = H/||H|| is the normalised mean curvature.

Property 3.3.5. If M is a non-minimal H-umbilical Lagrangian submanifold, then

(i) JH is an eigenvector of the shape operator Ay,
(i) the restriction of Ay to (JH)* is a multiple of the identiy map,

(iii) if A = p, then Ap is a multiple of the identity.

Proof. We start by pointing out that H = W;—fl)“g]el, and thus JH = (JH,e;)e;. For
item (i), we calculate Ay JH:

AyJH = Jh(JH,JH) = (JH,e;)*Jh(e1,e1) = —MNJH, e))?e; = —\(JH,e;)JH.

For item (ii), let X € (JH)*, then X L e;. We calculate Ay X:

ApX = Jh(JH,X) = (JH,e1)J > (X,e)h(er,e;) = —p(JH,e1) Y (X, e;)e;
=2 1=2

= —u(JH, e1)X.
Now, if A =y, then H = AJe;. By item (i) and (ii) we find that for any X € T,M,
ApX = -MNJH, e1)X = HH||2X7
so Ag is a multiple of the identity. m

Another notion of umbilicity weaker than totally umbilical exists:

Definition 3.3.6. A submanifold is called pseudo-umbilical if the shape operator Ay is
a multiple of the identity. So there exists a constant A such that for any X € T,M, we
have

ApX = 2X.

An equivalent definition in terms of the second fundamental form is that there is a constant
A such that for any X,Y € T,M,

(h(X,Y),H) = \X,Y).

Again, we can easily determine this multiple:
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Proposition 3.3.7. Let M™ be a pseudo-umbilical submanifold. Then the shape operator
Ay is a multiple of the identity, and this multiple is || H||*.

Proof. From the definition of pseudo-umbilical, we find that
<h(6¢, 62‘), H> =\
Taking the sum over all 1 <7 < n and dividing by n gives us A\ = || H||?. O

Proposition 3.3.8. Let M be a minimal submanifold. Then M s pseudo-umbilical.
Proof. If M is minimal, then Az X =0 = ||H||>X for all X € T,M. O

The following gives a relation between H-umbilicity and pseudo-umbilicity:

Proposition 3.3.9. Let M" be a H-umbilical Lagrangian submanifold. Then M is
pseudo-umbilical if and only if at any point p, either H(p) =0 or A(p) = u(p).

Proof. First assume M is pseudo-umbilical. If M is minimal at p there is nothing to
prove. So assume H(p) # 0, then by properties (i) and (ii) of property 3.3.5, we find

ANJH, e1)JH = pu(JH, e;)JH,

so A(p) = u(p).

Conversely, assume that at any point p € M, either H(p) = 0 or A(p) = p(p). If
H(p) = 0 then M is trivially pseudo-umbilical at p. If A(p) = u(p), then by item (iii) of
property 3.3.5 M is pseudo-umbilical at p. So M is a pseudo-umbilical submanifold. []

In [Hua97] it is claimed that H-umbilical submanifolds of CP" are pseudo-umbilical.
However, making use of the previous lemma, we can provide a counterexample.

Example 3.3.10. Let M"(4¢) be the complex projective space CP"(4¢) and let M"(c)
be a simply-connected open portion of the Riemannian n-sphere S"(c) (¢ > ¢). Then M
admits a Lagrangian H-umbilical isometric immersion into M such that

h(er,e1) = 2v/c — éJey, h(e;e;) =+/c—cJe
hiei,e;) =+vc—¢cJe;,  hie,ej) =0,

for some orthonormal local frame field {e;,...,e,} on M, where 2 < j # k < n. Then M
is not minimal and A\ # p. In particular, by proposition 3.3.9, M is not pseudo-umbilical

[Che9Tb].

Similarly, we provide counterexamples for C" and CH™:
Example 3.3.11. Let S™ be the unit sphere in R***. The map

1+ iyo
ST = C": (Yo, Yn) > —— (Y1, -, Yn),
w (Yos - -+ Yn) 1+y§(y1 Yn)
is a Lagrangian H-umbilical immersion called the Whitney n-sphere, which satisfies A =
3u # 0. In fact, up to homothetic transformations, it is the only Lagrangian H-umbilical
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submanifold in C" satisfying A = 3u. The second fundamental form of the Whitney
sphere is of the form
n

BX,Y) = s (XY H + (X H)IY 4 (JY, H)TX),

and in fact, the only Lagrangian submanifolds of C" to have this form are the totally
geodesic ones and the Whitney Sphere.

Since the Whitney sphere has nonzero mean curvature it is not minimal, so by propo-
sition 3.3.9 it is not pseudo-umbilical [BCM95; Che97a; CU93; DS04; RU9S; Wei77].

Example 3.3.12. Let M"(4¢) be the complex hyperbolic space CH™(4¢) and let M"(c)
be a real space form (¢ > ¢). Then M admits (at least locally) a Lagrangian H-umbilical

isometric immersion into M such that

h(ei,e1) = 2v/c—cJer, h(e;,e;) =+c—cJe
hiei,e;) =vec—=¢éJe;,  hle;ej) =0,

for some orthonormal local frame field {ey,...,e,} on M, where 2 < j # k < n. Then
M is not minimal and X\ # p. Thus by proposition 3.3.9, M cannot be pseudo-umbilical
[Che97h].

Definition 3.3.13. A Lagrangian-umbilical submanifold is a Lagrangian H-umbilical
submanifold for which A = p.

Proposition 3.3.14. A Lagrangian-umbilical submanifold is both H-umbilical and pseudo-
umbilical.

Proof. This follows from the definition and proposition 3.3.9. O

The following is an example of a non-minimal Lagrangian-umbilical submanifold:

Example 3.3.15. For a € R, let

where [“ f(t)dt denotes an antiderivative of f(s). Let ¢ : S""*(1) — E" be the unit
hypersphere centred at the origin. Then the complex extensor (see the article referenced
below for a definition) F®¢ : I x S""!(1) — C" is a H-umbilical Lagrangian submanifold
M with A = = —a/s. So M is not minimal, but by the previous lemma it is pseudo-

umbilical [Che97a].

Next, we show there is a link between pseudo-umbilical Lagrangian submanifolds and
H-pseudo-parallel Lagrangian submanifolds. We first introduce the following lemma:

Lemma 3.3.16. Let M be a pseudo-umbilical Lagrangian submanifold. Then for all X,Y,

[AJX,AJY]JH = 0.
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Proof. This follows from the symmetry of the shape operator:
—AJxAjyjH = AJ)(AHY = HHH2AJXY = HH”QAJyX = AJyAHX = —AJYAJXJH7
which proves the lemma. O

Theorem 3.3.17. If M is a pseudo-umbilical Lagrangian submanifold, then M is H-
pseudo-parallel for ¢ = ¢. Moreover, if the ambient manifold is C", then it is H-semi-
parallel.

Proof. Take ¢ = ¢. Since M is pseudo-umbilical, we use (2.1.7) and the previous lemma
to find
(R(X,)Y) =X AY))JH =[A;x,Ayv]JH =0,

so M is H-pseudo-parallel. If the ambient manifold is C", then ¢ = ¢ = 0 so M is
H-semi-parallel. ]

Theorem 3.3.18. If M is a Lagrangian submanifold of CP™ or CH™ (i.e. ¢ #0), then
M s manimal if and only if M s pseudo-umbilical and H -semi-parallel.

Proof. If M is minimal, then M is trivially pseudo-umbilical and H-semi-parallel. Con-
versely, assume M is both pseudo-umbilical and H-semi-parallel. Let X be a unit vector
orthogonal to JH. By equation (2.1.7) we find that

0= (R(X,JH)JH,X)=¢&(X ANJH)JH,X) =¢&(JH, JH){X,X) = &|H|?,
thus M is minimal. O]
In the case of Lagrangian surfaces, we find that pseudo-umbilicity is a stronger condi-
tion than H-umbilicity:
Theorem 3.3.19. Let M? be a pseudo-umbilical Lagrangian surface. Then M is H-

umbilical.

Proof. We will have to prove this differently depending on whether M is minimal at a
point p or not. First, let p € M and suppose that H(p) = 0. Let {es,...,e,} be a
canonical basis, then Cj1; = —Cl29 = Ay and C115 = —Cy99 = 0. Thus we have that

h(e,e1) = AiJey,
h(61,62) = —)\1J€2,
h(@g,eg) = —)\1J€1,
so M is H-umbilical at p with A\ = —p.
Now assume H(p) # 0. Then choose e; = —JH/||H||, so Ay = ||H||Aje,. Then

1
h(el,el) = JAJelel = WJAHQ = HHHJel,

1
h(@l, 62) = JAJeleg = mJAH(EQ = HHHJGQ,
h(eg,eg) =2H — h(el,el) = ||H||J€1,

so M is H-umbilical at p with A = u = || H]||. O
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3.4 Second fundamental form

Rather than take the trace of the second fundamental form h and then differentiate, we
can simply work with h itself. We give the following definitions:

Definition 3.4.1. We define the following conditions related to the second fundamental
form h:

Name Condition
totally geodesic | h =0
parallel Vh=0

semi-parallel R_- h=0
pseudo-parallel | (R — @A) -h =0

Proposition 3.4.2. Every condition in the above table implies the next:
h=0 = Vh=0 = R-h=0 = (R—¢A\)h=0.

Remark 3.4.3. Parallel submanifolds were introduced by Vilms in [Vil72] and elaborated
by Ferus in [Fer74; Fer80]. Semi-parallel submanifolds were defined by Deprez in [Dep85;
Dep86] and pseudo-parallel submanifolds by Asperti, Lobos and Mercuri in [ALMO02].

Proposition 3.4.4. Let M be a parallel Lagrangian submanifold. Then M is H-parallel.

Proof. We have to prove that for any X € T,M, VxH = 0. So take X € T,M and
consider

1, = 1 — 9
0=— izl(vxh)(ei, e;) = - Zl (Vxh(es e:) — 2h(Vxes e;)) = Vi H— - Zl h(V e, e).
where {ey, ..., e,} is an orthonormal basis of T, M. It suffices to prove that the summation

in the second term vanishes. Note that from the properties of the Levi-Civita connection,
we find

vXei>€j> + <VXej7 ei>7

0= X{es e5) = (
‘7€Z'> = 2<VX61‘,€Z‘>.

0= X{(e

Applying these properties, the summation becomes

D h(Vxeie) =Y (Vxei ej)hlee;)
=1

2]
= Z<VX€i, €j>h(€i, 6]') + Z(Vxei, 6j>h(€i, €j>
1<j i>7
= Z<VX€i, €j>h(€i, 6]') + Z(Vxej, €i>h(€j, 61)
1<j 1<j
= Z<VXei’ €j>h(€i, 6]') - Z<Vxei, €j>h(€i7 ej) = 0.
1<j 1<J

So we have that Vi H = 0 for all X € T,M, so M is H-parallel. O]
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The function ¢ € F(M) in the definition of pseudo-parallelity is unique in some sense.
Theorem 3.4.5. Let M be a pseudo-parallel Lagrangian submanifold, for both the func-
tions ¢ and 1. Then ¢ = on M\{p € M | h, =0} [CL0Y].

Proof. We rewrite the condition of pseudo-parallelity
0=R(X,Y)-hUV)—-¢(XAY -h(UV))
=R+ (X, Y)h(U,V) — h(R(X,Y)U,V) — h(U, R(X,Y)V)
—o((Y,U)h(X, V) = (X, UYh(Y, V) + (Y, V)h(U, X) — (X, V)h(U,Y)).
If M is pseudo-parallel for both ¢ and ¢, then we find
(6 — )V, UYA(X, V) = (X, UVR(Y, V) + (¥, VIB(U, X) — (X, V)A(U, Y)) = 0.
Let X = U =V be a unit vector and Y a unit vector orthogonal to X, then we get
(6 — $)h(X,Y) = 0,
and taking X = U, Y =V both unit vectors orthogonal to each other, we get
(6 — ¥)(h(X, X) = h(Y, ) = 0.
Now, let p € M such that ¢(p) # ¥ (p). Then A(X,Y) =0 and h(X, X) = h(Y,Y), so
(h(X,X),JY) = (h(X,Y),JX) =0,
which means that h(X, X) lies completely in the direction of JX. Thus we get
(X, X)=(h(X,X),JX)JX = (h(Y,)Y),JX)JX = (h(X,Y),JY)JX =0,
so h, = 0. Consequently,
{peM|olp)#¢(p)} C{peM|h, =0},
which proves the theorem. O

A link can be found between pseudo-parallel Lagrangian submanifolds and H-semi-
parallel Lagrangian submanifolds.

Proposition 3.4.6. Let M be a pseudo-parallel Lagrangian submanifold. Then M is
H-semi-parallel [CLOY].

Proof. Let Z € T,M and choose an orthonormal basis {ey, ..., e,} that diagonalises Az,
so in particular h(Z,e;) = \;Je; for certain ;. Then for any X,Y € T,M we obtain

n

(RY(X,Y)H,JZ) = 1 > (RYX,Y)h(ei ), JZ)

_ % > (G{h((X A Y)er, ), T2) = (W(R(X, Y )ei, ). I 2))
_ % (S(h(Z, &), J(X AY)es) — (h(Z, ), JR(X,Y)es))

_ % S Ai(6fen (X AY)e)) = (ei RO Y)er)) =0,

because of the symmetries of curvature tensors. So M is H-semi-parallel. m
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However, the notion of pseudo-parallelity is not very useful in the Lagrangian case, as
we shall prove in the next two theorems.

Theorem 3.4.7. A pseudo-parallel Lagrangian submanifold M™ of a complex space form
M™(4¢) of dimension n > 3 is semi-parallel [DVV09).

Proof. Let p € M™ be a point such that ¢(p) # 0. We will first play around a bit with
the symmetry of the condition of pseudo-parallelity: we have that

(ROX,Y)-h(U,V) = ¢(X AY - h)(U, V), JW) =0,

for all X,Y,U,V,W, and in particular this is symmetric in V' and W. Now, we prove
that (R(X,Y) - h(U,V), JW) on its own is symmetric in V and W. This can be seen by
writing R - h in full:

(RY (X, Y (U, V), JW) — (h(R(X,Y)U,V), JW) — (WU, R(X,Y)V), JW).

Since the cubic form is totally symmetric, the middle term is symmetric in V' and W. For
the first and last term, consider:

(RH X, Yh(U, V), JW) = — (JR* X, Y)h(U, V), W) = —(R(X,Y)Jh(U,V), W)
= (R(X, Y)W, Jh(U,V)) = =(JR(X, Y)W, h(U,V))
- <h(U? R<X7 Y) )a V>7

so the first and last terms together are also symmetric in V and W. Since M is pseudo-
parallel, we have that (X AY) - h(U, V), JW) is then symmetric in V' and W. In other
words,

Y, U) (WX, V), JW) = (X, U)(R(Y, V), JW)
+ (Y, V)(h(X,U), JW) — (X, V)(h(Y,U), JW),

is symmetric in V' and W. But clearly the first two terms are both symmetric in V' and
W too, so the last two terms together must also be symmetric in V' and W:

Y, V)X, U), JW) = (X, V) {p(Y, U), JW)
= (Y, W)h(X,U),JV) — (X, W)(h(Y,U), JV).

Take X = U =V and Y, W orthogonal to X, we get:
(X, X)((X, V), JW) = (Y, W) (A(X, X), JX). (3.4.1)
Let {e1,...,e,} be a canonical basis. Then taking X =e,,Y =¢;,, W =¢; with4,j # 1

n (3.4.1) gives
<h(€1,€i), J€j> = _/\1<6i76j> = —)\1(51']‘,

and by taking X =e;, with¢# 1, and Y =W = e; we get

(h(ei,ei), Je;) = —(e;, ei)(h(er,er), Je;) = 0.
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By the linearity and total symmetry of the cubic form, we get that (h(e;, e;), Jey) = 0 for
all e;, ej, e, with 7, j, k # 1. So h takes the following form:

h(er,e1) = AJen, h(ei,e) = =M Je;
h(e;,e;) = —MdijJer, 2 <i,j<n.

In fact, this would mean M™ is a H-umbilical Lagrangian submanifold with p = —A\. If
A1 = 0, then h vanishes at p. So now assume \; # 0. Since n > 3, the vectors e; and es
exist. Now, note that

R(e1,ez)er = é(eqx Nea)er + [Age,, Aes)er
= —Cey + )\feg + )\feg
= —(&—2X\})e,,

and similarly

R(el, 62)62 = 6(61 A 62)62 + [Ajel, AJEQ]QQ
661 — /\%61 — )\%61
= (¢ —2)\))ey.

Hence

0= (R(e1,e2)-h)(es,e2) + d(p)(er Aes- h)(ez, e)
= —JR(e1,e5)Jh(eg, ea) — 2h(R(e1, e2)es, €2) + 2¢0(p)h(ey, es)
= —)\1JR(61, 62)61 - 2(5 — 2)\%)]1(61, 62) — 2/\1¢(p)<]€2
= M(3(c—2A]) — 2¢(p))Jes,

thus for ¢ we find the following value at p:

o(p) = 56— 223) (342

Similarly, from

0= (R(e1,e2) - h)(ez,e3) + @(p)(er Aea - h)(ea, e3)
= —h(R(@l, 62)62, 63) + ¢(p)h(61, 63)
= M((¢=2)7) — ¢(p))Jes,

we find

o(p) = (¢ — 222 (3.4.3)
Combining equations (3.4.2) and (3.4.3) we obtain ¢(p) = 0. We conclude that either
#(p) = 0 or h, = 0. Either way, R - h vanishes at p so M is semi-parallel. O

Theorem 3.4.8. Let M? be a H-semi-parallel Lagrangian surface. Then M is pseudo-
parallel with ¢ = %K, where K is the Gaussian curvature of M [CL09).
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Proof. Take X a unit tangent vector orthogonal to JH. Since M is H-semi-parallel we
obtain
0=(R"(JH,X)H,JX)=—(R(JH,X)JH,X) = —(K(JHAX)JH, X)
=K(JH,(JHAX)X) = K| H|?
thus at every point p € M, K(p) =0 or H(p) = 0. If K(p) =0, then R, = 0 and M is

semi-parallel at p, so it is pseudo-parallel with ¢(p) = 0. Now assume K (p) # 0, and thus
H(p) = 0. Then h in terms of the canonical basis becomes:

h(ey,e1) = AJey,
h(@l,eg) = —)\Jeg,
h(€2,€2) = —)\Jel.

Consider the condition of being pseudo-parallel with ¢ = %

RY (X, Y)h(U,V) - MR(X,Y)U,V) — h(U,R(X,Y)V)
+2KwHDMKV%%XUWMV)< VIh(U, X) = (X, V)h(U,Y))
= JK(X ANY)JR(U, V) = Kh((X AY)U,V) — Kh(U,(X ANY)V)
+§KG U)h(X, V) = (X, U)h(Y, V) + (Y, V)h(U, X) = (X, V)h(U,Y))

= K(Y,JWU,V))JX — K(X, JWU,V))JY

KWV, UIRX,V) — (X U)R(Y, V) + (Y, VI, X) ~ (X, V)R, Y)).

Since K (p) # 0, we end up with
(Y, Jh(U,V))JX — (X, Jh(U,V))JY
+ %((Y, UYh(X, V) — (X, U)h(Y, V) + (Y, V)h(U, X) — (X, V)h(U,Y)).

We have to show that this vanishes for any X,Y,U,V. Because of linearity, antisym-
metry in X and Y and symmetry in U and V, it suffices to show that this is true for
3 cases: (X,Y,U V) = (e1,es,e1,¢e1), (X, YU V) = (e1,e2,€1,62) and (X, Y, U, V) =
(61, €9, €9, 62).

In the case (X,Y,U,V) = (e, eq, €1, €1) we find

<€2, Jh(el, €1>>J€1 — <€17 Jh(el, 61)>J€2
1

+ §(<€2,61>h(€1,€1) — (eg,e1)h(ea, e1) + (e, e1)h(er,e1) — (e1,er1)h(eq, e3))

=—-Ney + 2()\<]€2 + AJeg) = 0.

In the case (X,Y,U, V) = (e1, e, €1, €5) we find

<€2, Jh(el, 62)>J€1 — <€1, Jh(el, 62)>J€2
1

+ §(<€2,€1>h(61,€2) — (eg,e1)h(ea, e3) + (eq, ea)h(er,e1) — (€1, ea)h(eq, e2))

=—-\Ne, + = ()\Jel+/\J61) 0.
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Finally, in the case (X,Y,U,V) = (ey, ea, €2, €2) we find

<62, Jh(eg, 62)>J€1 - <€1, Jh(@g, 62)>J€2

1

+ §(<€2, ea)h(er, ex) — (€1, ea)h(eg, €2) + (€9, ea)h(eq, 1) — (€1, ea)h(ez, €3))

1
= /\J€2 + 5(—)\J62 - )\JGQ) = 0.
Thus M is pseudo-parallel with ¢ = %K . O]

Corollary 3.4.9. A Lagrangian surface is pseudo-parallel if and only if it is H-semi-
parallel.

So if n = 2, pseudo-parallelity is equivalent to H-semi-parallelity, and if n > 3 pseudo-
parallelity is equivalent to semi-parallelity. Thus the notion of pseudo-parallelity is always
equivalent to a previously established notion.

3.5 Cubic form

The cubic form C' and the second fundamental form h are closely related. Just like for
the second fundamental form, we can study the derivatives of C'.

Definition 3.5.1. We define the following conditions related to the cubic form C:

Name Condition
totally geodesic C=0
parallel V=0
semi-parallel R-C=0
pseudo-parallel cubic form | (R —¢A)-C =0

Remark 3.5.2. The first 3 conditions are identical to the conditions h = 0, Vh =0 and
R-h = 0 respectively. The last condition is not equivalent to (R — ¢A)-h = 0, but rather
to (R — ¢A) - h = 0 instead, the condition of Lagrangian pseudo-parallelity.

Proposition 3.5.3. Every condition in the above table implies the next:

C=0 = V(C=0 = R-C=0 = (R—oN)C=0.
We also have that the derivatives of h and C' are very closely related.

..........

Corollary 3.5.5. Let k € N. Then V*h = 0 if and only if V*C = 0.

Again, we want to prove that the function ¢ in the definition of pseudo-parallel cubic
form is unique in some sense.

Theorem 3.5.6. Let M have pseudo-parallel cubic form for both the functions ¢ and .
Then ¢ =1 on M\{p € M | C, = 0}.
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Proof. If M is both pseudo-parallel for ¢ and ¢, then we find
(0 —V)CU(X AU, V,W)+CU,(XAY)V,W)+C(U,V, (X ANY)W)) =0.

Let X be any unit vector and take a unit vector Y = U =V = W orthogonal to X, then
we get
0= (¢ —V)C(XAY)Y, YY) = (¢ —¢)C(X,YY).

Taking X =U =V, and Y = W unit and orthogonal to X, we get
( )( (XAY)X, X)Y)+2C(X, X, (XAY)Y)
( w) (X,X,X)-

Now, let p € M such that ¢(p) # ¢ (p). Then by linearity, C;, = 0. Consequently,
{pe M|op)#4p)} c{peM|C, =0},
which proves the theorem. O]

Proposition 3.5.7. If M has constant sectional curvature c, then it has pseudo-parallel
cubic form for the function ¢ = c. Moreover, if M 1is flat, then it is semi-parallel.

Proof. The curvature tensor of M is of the form R(X,Y) =c¢(X AY) (with c =0 if M
is flat). Taking ¢ = ¢ then gives (R — ¢A) = 0 so M has pseudo-parallel cubic form. In
particular, if M is semi-parallel, it has pseudo-parallel cubic form for ¢ = ¢ = 0 so it is
semi-parallel. O

Now we know that semi-parallelity implies both H-semi-parallelity and pseudo-parallel
cubic form. We investigate what happens if a Lagrangian submanifolds has both of these
weaker conditions.

Theorem 3.5.8. If M is H-semi-parallel and has pseudo-parallel cubic form at p, then
it 1s semi-parallel or minimal at p.

Proof. Choose a unit vector X orthogonal to JH, and let {ey,...,e,} be an orthonormal
basis that diagonalises A;x, so in particular h(X,e;) = A\;e; for some \;. Then

0= <JX RY(X,JH)H) = —(H,JR(X,JH)X)

= —Z (es,€:), JR(X, JH)X) = %ZC(ei,ei,R(X, JH)X)

=1

= Z (—2C(R(X,JH)e;, e, X) + ¢C(es, €5, (X NJH)X) 4+ 20C (X N JH)e;, e, X))
=— Z hMX,e), JR(X, JH)e;) — ¢Cl(e;, e, JH) + 20(h(X, e;), J(X N JH)e;))

= Z (=2XM(R(X, JH)e;, ;) + ¢(h(es, €;), H) + 2X,0((X A JH)e;, €;))

= o||H]|”.
So either ¢(p) =0 or H(p) = 0. Thus M is either minimal or semi-parallel at p. O
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Theorem 3.5.9. Let M be a H-umbilical Lagrangian submanifold. Then M has pseudo-
parallel cubic form for the function ¢ = ¢+ pu(\ — p).

Proof. 1f we take ¢ = ¢ — pu(\ — ), then
R(X,Y) = (€4 p(A = p)(XAY) = p(p = N(XAY) + [Asx, Ajy].

Because the condition of having pseudo-parallel cubic form is equivalent to that of La-
grangian pseudo-parallel and because J and R commute for derivatives, it suffices to apply
this operator to Jh(U, V') and show that the result always vanishes. By linearity we only
have to prove that it vanishes for vectors belonging to a canonical basis {ey,...,e,}, so
let us take X = ¢;,Y = ¢;,U = €,,V = ¢, with ¢ < j and a < b. Clearly everything
vanishes if i = j, so exploiting the symmetry we have 8 cases to prove:

(i) 1=i#j,1=a=0b,
(i) 1=i#j, 1=a#b,
(i) 1=i#j,1£a=0,
(iv) 1=i#j,1#a#b,
() 1£itj1=a=b,
(Vi) 1#i#£j, l=a#b,
(vii) 1 £i#j, 1#a=0,
(vill) 1#£i#7, 1 #a#b.
Let us first write out the condition in terms of this basis:

(1l = A)ei A eg) + [Age,s Aue,]) - Th(ea, en)

= (e = A) ((e: Aej)Jh(eq, e5) — Jh((e; A €j)ea, er) — Jh(eq, (€i A ej)es))
4 [Ages» Age;] Th(€as e5) — JR([Aje,s Agejlea, €6) — Jh(€a, [Ae,, Age,les)

= pu(p—A) (—(62' N e€;j)Age,€h+ 0ajAse,6 — OaiA e b+ OpjAse,ea — ObiAse, €a)
— Aje;Ase;Ageaes + Age; Age; Ageas + AseyAge;Adej€a — AgeyAge; AgeCa
+ Age, Age; Ageseb — Agey Age; e

Case (i): 1=i#j,1=a=0b:
(i —A) (N = 2u) ej — ApPej + Nuej + ey — MiPej + pe; — Aue; = 0.
Case (ii): 1=i#j,1=a#b:
Op; (e — N)(X = 2u)er — ApPeq + pPer + plep — Apler + N ey — Aper) = 0.
Case (ii): 1=1i#j, 1 #a=0b:

g = A (pej + 20550e,) — e + ApPe; + Goj(AiPeq — e + MiPeq — pi’e,) = 0.
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Case (w): 1 =i #j, 1#a#b:
/L(,LL - )‘) (5ajlueb + 5bj,u€a) + 5aj(/\,u2eb - :u2€b> + 5bj(/\,u2ea - Mzea) =0
Case (v): 1#£i#j,1=a=10b:
every term vanishes on its own.
Case (vi): 1 #i#j, 1 =a#b:
_5bjM36i + 55,‘,&36]‘ + 5bj,u3ei — 5biu36]~ =0.

Case (vii): 1 £i# j,1#a=10:
every term vanishes on its own, using that d,;0,; = 0 since i # j.
Case (viii): 1 #£i#j,1#a#b:
5aj5bi,u3']el — 5m’(5bj,u3<]€1 + 5ai5bjM3Jel — 5aj6biﬂ3Jel =0.
All 8 cases together prove that M has pseudo-parallel cubic form. O

Proposition 3.5.10. Let M be a Lagrangian submanifold with pseudo-parallel cubic form
for a function ¢. Then M 1is H-pseudo-parallel for that same ¢.

Proof. Consider the condition for having pseudo-parallel cubic form, written in terms of

h and the Lagrangian wedge: B
(R—¢A)-h=0.

Expanding this, we get

0=RYX,Y)h(U,V)—-hWR(X,Y)U,V) - h(U RX,Y)V)
— O(JX NIYV)R(U, V) + oh((X AY)U, V) 4+ oh(U, (X AY)V).

Let {ej,...,e,} be any orthonormal basis of 7,M. Then take U =V = ¢; to obtain

0= %z”: (RL(X, Y)h(e;,e;) —2h(R(X,Y )e;, €;)

—(JX N JY)h(e;, e;) + 02h((X ANY e, e;))
=RYNX,Y)H — ¢(JX ANJY)H

- %Z (h(R(X,Y)es, ) = 9h((X AY)eises)

It now suffices to prove the last two terms drop for all i € {1,...,n}. Let Z € T,M, we
may assume that the basis {ej,...,e,} diagonalises A;z, i.e. h(Z, e;) = \;Je; for certain
Ai. So take the inner product of the last two terms with JZ:

<h(R(X, Y)Gi, €i>> JZ> - ¢<h((X VAN Y)ei, 61')7 JZ>
= (WZ,e:), JR(X,Y)ei) = ¢(h(Z, e:), J(X NY )es)
= —)\Z ((61‘7 R(X, Y)€z> — gb(ei, (X A Y)€z>) = O,

because of the symmetries of curvature tensors. So M is H-pseudo-parallel for ¢. m
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We can give an analogue of theorem 3.2.8 where we weaken the condition of minimality
to pseudo-umbilicity and obtain a slightly weaker result in return:

Theorem 3.5.11. Let M"(c) be a pseudo-umbilical Lagrangian submanifold of constant
sectional curvature ¢ immersed in a complex space form M"(4¢). Then ¢ =0 or ¢ = ¢.

Proof. Let p € M. If h, = 0, then M has constant sectional curvature ¢ at p and thus
¢ = ¢. So we assume h, # 0. On the one hand, because M has constant curvature c, it has
pseudo-parallel cubic form at p for the function ¢(p) = ¢. But then it is also H-pseudo-
parallel for the function ¢(p) = c¢. On the other hand, because M is pseudo-umbilical, by
theorem 3.3.17 it is H-pseudo-parallel at p for the function ¢ (p) = ¢.

Now, we have two possible cases: H(p) =0 or H(p) # 0. In the first case, we find by
theorem 3.2.8 that ¢ = 0. In the second case, we find that ¢(p) = ¢(p) by theorem 3.2.10,
or thus ¢ =¢. 0

For Lagrangian surfaces we obtain the following:

Proposition 3.5.12. Let M? be a Lagrangian surface. Then M has pseudo-parallel cubic
form for the function ¢ = K with K the Gaussian curvature.

Proof. A surface always has curvature tensor R = KA. So (R — KA) = 0 and thus M
has pseudo-parallel cubic form for ¢ = K. n

We have already remarked that the conditions of pseudo-parallelity and having pseudo-
parallel cubic form are different. In fact, we can show the former is strictly stronger than
the latter.

Proposition 3.5.13. If M is pseudo-parallel, then it has pseudo-parallel cubic form.

Proof. We first consider the case n = 2. All 2-dimensional Lagrangian submanifolds
have pseudo-parallel cubic form by taking ¢ = K, the Gaussian curvature. Thus the
implication clearly holds. For the case n > 3, note that pseudo-parallel submanifolds are
semi-parallel and therefore have pseudo-parallel cubic form for ¢ = 0. O

3.6 Summary

For a Lagrangian surface of a complex space form, we give the following graphical summary
of the constraints mentioned in this chapter:
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/ Lagr.-umb.

Ps-umb. <——————H =0<¢—h=0——> K =¢
H-umb. VIH=0———Vh=0 K=c

RLH=0——R h=0———K=0

We left out the condition of pseudo-parallelity as it is always equivalent to H-semi-
parallelity, as shown in corollary 3.4.9.

For a Lagrangian submanifold of a complex space form of arbitrary dimension n > 3,
we obtain the following summary:

/ Lagr.-umb. =————= H-umb.

We left out the condition of pseudo-parallelity as it is always equivalent to semi-
parallelity, as shown in theorem 3.4.7.

A last remark in this chapter, we will give examples of Lagrangian manifolds that
show that the conditions of pseudo-parallel cubic form and H-pseudo-parallelity are not
equivalent to any of the stronger conditions in the summary above.

We begin with the condition of pseudo-parallel cubic form. Theorem 3.5.9 tells us
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that H-umbilical Lagrangian submanifolds have pseudo-parallel cubic form. An example
is the Whitney sphere given in example 3.3.11, which does not have constant sectional
curvature. Now consider the following examples:

Example 3.6.1. In [Toj01], Tojeiro gives explicit examples of non-totally geodesic La-
grangian submanifolds M™(¢) with constant sectional curvature ¢ immersed in a complex
space form M "(4¢) with ¢ # 0. So these submanifolds have pseudo-parallel cubic form
for the function ¢ = ¢ # 0. Thus they are not semi-parallel.

Example 3.6.2. In [Mat94; Xia92], it is proven that there exist standard embeddings
of SU(3)/SO(3) (n=5); SU(6)/Sp(3) (n = 14), SU(3) (n = 8) and Eg/F, (n = 26) in
CP"(4¢) such that for any unit tangent vector X:

[n(X, X[ = ve/2.

Thus there can be no orthonormal basis of the tangent space satisfying the requirements
for H-umbilicity. However, these embeddings have parallel second fundamental form and
thus have pseudo-parallel cubic form.

Indeed, we find that the condition of pseudo-parallel cubic form is not equivalent to
semi-parallelity, H-umbilicity or having constant sectional curvature.

We move on to the condition of H-pseudo-parallelity. Combining proposition 3.5.10
and theorem 3.5.9, we have that a H-umbilical Lagrangian submanifold is H-pseudo-
parallel. Again, we have the Whitney sphere given in example 3.3.11 which has A = 3y and
is thus not pseudo-umbilical. From example 3.6.1 we have non-totally geodesic Lagrangian
submanifolds of constant sectional curvature ¢ # 0. By corollary 3.2.9 these submanifolds
are not H-semi-parallel. Finally, we have the following example:

Example 3.6.3. In [CPM12] examples are given of Lagrangian submanifolds in C° for
which there exists an orthonormal frame {e,...,e5} such that the cubic form takes the
following form:

Cin = Ciz2 = —a

Ciir = 0 otherwise,
Cs33 = 1 Cagg = —b gk v

where A, are nonzero functions. In particular, these examples are minimal and thus
H-pseudo-parallel. However, we can show they do not have pseudo-parallel cubic form.
Assume a Lagrangian submanifold M?® has this second fundamental form. Consider the
condition

(R(X,Y)=o(X AY))-C(UV, W),
then choosing X = e;,Y = U =V = W = e, gives (after a short, simple calculation)
that

¢ =¢—2\%

On the other hand, choosing X = U = e3,Y =V =W = ¢; gives (after an even shorter
and simpler calculation) that

¢ = c.
However, since A # 0, ¢ is unique and these two results do not match. Thus M does not
have pseudo-parallel cubic form, since the required function ¢ does not exist.






Chapter 4

Decomposition of the tangent space
of a Lagrangian submanifold

When attempting to classify certain Lagrangian submanifolds, it is often vital to obtain
a suitable basis for the tangent space, or a useful decomposition into vector subspaces.
In this chapter, we will assume certain constraints on a Lagrangian submanifold M™ of
a complex space form M "(4¢), and attempt to give such decompositions. We will use a
canonical basis and techniques similar to those applied in [Dil+12; Eji82].

Throughout this chapter, we assume that {e;, ..., e,} is a canonical basis and { Ay, ..., \,}

their eigenvalues. We define the following important functions:

1
=\ >
v 2/\1_07
1
77:5\/)\§+4(6—¢):\/V2+5—¢20.

Then we have that ¢ — ¢ = n* — v? and \; = 2v. Moreover, we will always assume that
v > 0, since otherwise \; = 0 and M is then totally geodesic.

4.1 H-pseudo-parallel
We will start with the weakest condition of all, that of H-pseudo-parallelity:
R(X,)Y)JH — (X ANY)JH = 0.

When we rewrite this using the equation of Gauss (2.1.7) and take the inner product with
a tangent vector Z, we get

(* =) (X AY)JH, Z) + ([Asx, Asx|JH, Z) = 0.

57
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Let us take X =e,,Y = e, Z = e, with a # b. Then we find

0=(n*— 1/2)<(ea Nep)JH, ee) 4+ ([Ajeys Ase, )| JH, €c)
= — (= v {(ea Nev)ee, JHY — ([Age, Agey)ee, JH)

- (772 - UQ)(5GC<61)7 JH> - 5bc<€a7 JH>) + Z(ei; JH> (<AJebAJeaeca €i> - <AJeaAJeb607 61))

=1

= (772 - V2)(6ac<eb7 JH> - 5bc<6a7 JH>) + Z<6i7 JH> (<AJ€aeC7 AJeb€i> - <AJebecu AJea6i>>
i=1

= (0* = V") (Bac(er, JH) = Spelea, JH)) + Y (i, JH) Y (CajChij — CuejClaij) - (4.1.1)
i=1 j=1

Lemma 4.1.1. If (H,Je;) # 0 for 2 <i<n, then \; =v — 1.

Proof. Take a =c=1%#bin (4.1.1). Then we find

n

0= (772 - V2)<eb7 JH) + Z<€i7 JH) Z (C11;Chij — Cp1;Chij)

i=1 j=1
= (ey, JH) (1> — v* + 20X, — X})
= (ey, JH)( Ny — v +n) (X —v — 7).

We know that )\, < v because of the properties of the canonical basis, thus the third
factor is nonzero. So if (e, JH) # 0, then \y = v —n. O

Corollary 4.1.2. Suppose that W is the eigenspace of v —n, i.e. W = span{e,,...,e,}
with m > 2, and U is the (1-dimensional) eigenspace of 2v. Then JH € U & W.

Lemma 4.1.3. If W = (), i.e. none of the vectors {es, ..., e,} have eigenvalue v — 1,
then M is minimal.

Proof. f W = (), then JH € U, or thus JH = (JH, ej)e;. Consider 1 = a # b = cin
(4.1.1):

n

0= — (772 — I/2)<€1, JH) + Z(ei, JH> Z (C’lbijij — C’bbjClij)

i=1 j=1
n

= — (" = v*){er, JH) + (e, JH) > (C1;Chij — CiiChij)

j=1
= (e, JH) (N} = 2v X\, — 1 + V%)
= <61,JH>()\1) -V — ’I])()\b - V—|—77)

The last two factors must now be nonzero, so (e;, JH) = 0 and therefore M is minimal. [

Theorem 4.1.4. Let M be a H-pseudo-parallel Lagrangian submanifold. Then one of
the following two situations happens:

(i) M is minimal,
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(i1) we can decompose the tangent space in 3 mutually orthogonal subspaces T,M =
UaV & W such that

WU, U) C JU h(U,W)C JW
WU, V) CJV h(V,W)CJV & JW,

where U is 1-dimensional and U, W are always nonempty. Moreover, H € JUSJW .

Proof. Assume M is not minimal. We define U to be the eigenspace of 2v and W the
eigenspace of v — 1. Then U = span{e;} and is therefore 1-dimensional and nonempty.
The subspace W is nonempty because of lemma 4.1.3. The four listed properties follow
from the properties of the canonical basis. Finally, H € JU & JW due to (4.1.2). O

4.2 Pseudo-parallel cubic form

This section is based on section 3 of [Dil+12], but generalised from semi-parallelity to
pseudo-parallel cubic form. The same decomposition was used there to classify parallel
Lagrangian submanifolds of CP".

Using equation (2.1.7), the condition for pseudo-parallel cubic form becomes

= {0 = v)CX AY)UV.W) + C([Asx, Ay ]U, V. W)} = 0.

AT
We expand the wedge in the first term to get
(n* =) (Y, U)C(X,V,W) — (X, U)C(Y,V,W)).
For the second term, we expand the Lie bracket and then apply the following steps:

C(Ajx AUV, W)
= (JA;x Ay U WV, W) = —(Ajx Ay U, JWV, W) = —(h(Y,U), h(X, Jh(V,W)))

= C(Y,U, JW(X, Jh(V,W))) = C (Y, U, i(Jh(X, Jh(V, W), ei)ei>

==Y C(Y,U,e) C(X, Jh(V, W), ;)
=1

= — zn:C’ (Y,U,e;) C (X, i(Jh(V, W),ej>ej,ei>

j=1
- ZZC(Y? U7 62-) C (X7 ei’ej) O(‘/, W7 ej)u

i=1 j=1

and similarly

C(AJYAJXU7 V, W) = Z Z C (X> U, ei) C (Y, €, ej) C’(V, w, 6;’)-

i=1 j=1
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The second term then becomes

n

Y CV,W,e))> ((C(Y,U ) C (X, e5,¢5) = C(X,U,e5) C (Y, e4,€5))) -

j=1 i=1
So putting everything together, we find that

0= UVW{(TI -V )((K U>O(X7 % W) - <X’ U>O(Y7 Vi W)) (4‘2‘1>

+i0(‘/, W,@j)i(o (Y, U, ei)C(X,ei,ej) —C(X, U,eZ)C'(Y, ei,ej))}.

Let’s assume X =e,,Y =¢,,U =e.,V = ¢4, W = e.. Then we obtain

O == c%,e {(772 - VQ)(ébcCade - 5accbde) + Z Cdej Z (Cbcicaij - CaciCbij)} . (422>

j=1 i=1

Lemma 4.2.1. The tangent space T,M can be decomposed as a direct sum of 3 orthogonal
vector spaces, that is, T,M = U ©V & W where

(i) U is a 1-dimensional vector space spanned by e,
(i1) h(ei,e1) = 2vJey,
e1,v) =vJu for anyv € V,

(iv) h(er,w) = (v —mn)Jw for any w e W,

(
(e1,
(
(v) h(vy,ve) — v{vy,va)Jey € JW for any vi,vy € V,
(w1, ws) — (v —n)(wy,wy)Jey € JW for any wy,wy € W,
(

v,w) € JV forallveV, weW.

Proof. Ttems (i) and (ii) follow directly from the definition of the canonical basis. Choose
a=c=d=1and b=-e # 1. Then (4.2.2) gives

0=2 (—(772 — 1/2)011717 + Z Cry; Z (CriCuij — Cllicbij)>
j=1 i=1

+ (n? — )0y + Z Chj Z (CrpiCrij — C16iChij)

j=1 i=1
= —2(n* — V)N + 2N — 4]+ 2(nF — Vv + 4PNy — VA
= (>\b — V)()\b — UV — T])()\b -V —+ 77)
Thus for b € {2,...,n}, there are only two possible values for A\y: v and v — 7. Let V

be the eigenspace of the eigenvalue v and W the eigenspace of the eigenvalue v — n. By
linearity, items (iii) and (iv) are then proven.
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For items (v) and (vi), let a = ¢ = 1 and b, d, e different from 1.

n

0= — (772 - V2)dee + Z Clej Z (C15iChij — C11iCiyj)
j=1 i=1

+ (7> = v*)6aChie + Z Chej Z (CraiCrij — CraiChij)

j=1 i=1
n

+ (n* = v*)0peCrra + Z Clgj Z (CpeiCrij — C1eiChij)

j=1 i=1
= dee (—7’]2 + 1/2 + )‘Ig — 21//\b + )\z — )\d>\e -+ )\3 — )\d)\e)
= dee (()\b —V — 77)()\1, — UV 4+ 77) + ()\d — >\e)2) .

If Ay = Ag = Ae = v, then we find that Cyg. = 0. So by linearity C(vy,vs,v3) = 0 for all
vy, v2,v3 € V. So h(V,V) C JU@ JW. By item (iii) and the symmetry of the cubic form,
we know that

(h(v1,v2), Jer) = v{vy, vg),

and thus h(vy,ve) — v(vy, v2)Je; € JW, which proves item (v).

If Ay =v and Ay = A, = v — 1, then again Cjq. = 0. So by linearity, C'(wy, ws,v) =0
for all v € V, wy,wy € W. So h(W,W) C JU & JW. By item (iv) and the symmetry of

the cubic form, we know that

(h(wr,ws), Jer) = (v — n)(wr, ws),

and thus h(wq,wy) — (v — n){wy, wy) Jey € JW, which proves item (vi) .

For item (vii), note that (h(v,w), Je;) =0 for all v € V and w € W, and recall that
we have proven that

Cabe (Aa = v =0)Aa = v+ 1)+ (X — A)?) =0,

for a,b,c # 1. Choosing 2 < a <m and m+1 < b, ¢ < n gives us that Cy,. = 0, and thus
by linearity C'(v,w,w’) = 0 for all v € V and w,w’ € W. So for all v € V and w € W,
we find that h(v,w) € JV. O

We have n possible cases for the eigenvectors:

Case 1: \y=---= )\, =1.
Case m: ==\, =vand \, ;1 =...=\,=v—nfor2<m<n-—1.
Casen: \g=---=\, = (v—n).

If n = 0, all cases are identical. We will simply consider that a part of case n, and
from now on assume that n # 0.

Proposition 4.2.2. Case 1 does not occur.
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Proof. Assume we are in case 1. Let a =1and b=c=d =e # 1. Then

n

0= (n"—1v*)Cup + Z Chp,j Z (CriChij — C16iClij)

j=1 i=1
=" = )N+ Y Cy(A = M)
j=1
= (1 =) N + Gy (20 — X)) + Z Cgbj()‘j = Ap)
j=2
= =M —v=n)—vEn)+ Y Chi = M),
j=2
Since Ay = -+ = A\, = \y, = v, then this reduces to
0=wr?,

but as we assumed v # 0 and 7 # 0 this gives a contradiction. m

We will now work in Case m with 2 <m <n + 1.

Definition 4.2.3. We introduce a bilinear map L : V x V — W by
L(vy,v9) := —J(h(v1,v2) — v{vy,v9)Je7),
which indeed has image in W due to property (v) in lemma 4.2.1.

Then clearly we have
U17U2 E C U17U27el €i,
i=m+1
or for vectors of the canonical basis,
637 ek § Cz]keza
i=m-+1

and thus
<L(ej7 ek‘) er; es Z Cz]kczrs (423)

1=m+1

Lemma 4.2.4. The tensor L is an isotropic tensor, i.e.
2 _
||L(Ua U)H =,
for a unit vector v € V.. Moreover, for vy, vs,v3,v4 € V unit vectors, we have that

(L(v1,v9), L(vs,v4)) + (L(v1,v3), L(va,v4)) + (L(v1,v4), L(vg, v3))
= vn ((vy, v2) (vs, vg) + (v1,v3) (Ve vg) + (V1, V4)(V2, V3)) .
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Proof. By linearity, it suffices to prove this for the vectors of the canonical basis that span
V.Leta=1and 2 <b,c,d,e <m. Then

n

0= (772 - 7/2)5bcC1de + Z Clej Z (CpeiChij — C1eiClij)

=1 i—1
+ (* = v*)0piClhee + Z Ceej Z (CraiChij — C14iChij)
=1 i1
+ (0* = *)0peClrea + Z Ceqj Z (CpeiChij — C1eiChij)
=1 i—1

= (772 - VQ)V(5b05de + 5bd§ce + 5b€60d) + Z()\j - l/) (Cdejcbcj + Ccejcbdj + Ccdjcbej)

j=1

= ((772 - VQ)V + V3)(5b06de + 6bd§ce + 55650(1) -1 Z (Cdeijcj + Cceijdj + Ccdebej)

Jj=m+1

=T <V77(5bc§de + 6bd5ce + 6be(50d) - Z Cdeijcj - Z Cceijdj - Z Ccdjcbej> .

j=m+1 j=m+1 j=m+1

Due to 1 # 0 and (4.2.3), this proves the second part of the theorem. In particular, if v is
a unit vector, then taking v = v; = vo = v3 = v4 in the second part of the theorem gives

IZ(v, 0)[1* = vn,
so L is isotropic. ]

We now decompose W as the direct sum of two orthogonal vector spaces: W; =
L(V,V) and its orthogonal complement in W, named Ws. By definition of L, we have
that h(V, V) € JU & JW;.

Next, we give a characterisation of W:

Lemma 4.2.5. w € Wy if and only if h(v,w) =0 Yv € V.

Proof. By property (vii) in lemma 4.2.1, we need only consider the JV-component. For
any vi,v9 € V and w € W, we have

(h(vy,w), Jug) = (h(vy,vq), Jw) — v(vy,ve)(Jey, Jw) = (L(vy, v2), w),
and the lemma follows easily from this equality. O

From this we also see that h(W7, Ws) C JW. We can improve this to h(Wy, Ws) C
JWQI

Lemma 4.2.6. Let vi,v3 € V and w € Wy. Then

h(L(vy,v9),w) = (v — n)n{vy, ve) Jw.
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Proof. Again, by linearity, it suffices to prove this for vectors of the canonical basis.
Choose a =1,2<b,c<m,m+2<d,e <n such that e; € W and e, € W5. Then

n

0= (772 - V2)5bc01de + Z Clej Z (CpeiChij — C1eiChij)

j=1 i=1
+) " Ceei > (CoaiChij — C1aiChij) + Y Cegi > (CreiClij — CreiChis)
j=1 i=1 j=1 i=1
(77 -V )(V - )5b66d8 + Z Cbcjcde]
J=1

772( 5b05de - Z Obc] Cde]

=n (N —n)oscdae — (JL(ep, €c), h(eq, ec)))
n (TI(V - 7]>550<J€d7 J€€> - <J6d= h(L<eb7 ec)? €e>>) )

and since n # 0 we find

h(L(ep, e.), ec) = n(v —n)dpeJ €,

which proves the lemma. O

Finally, we show that h(Wy, W) € JU & JW;i:
Lemma 4.2.7. Let vi,vy,v3,v4 € V', then we have that

h(L(v1,v2), L(vs, v4))
= (v —n){(L(v1,v2), L(vs,v4)) e + (v — n)n{vy, v9) J L(vs, v4)

+ Z (v1,€;), L(vs,vg))J L(vg, €;) + Z<L(U2, ei), L(vs,vq))JL(v1, €;).

=2 =2

<.

Proof. Proving the Jej-component can be done by taking the inner product with Jey:

(h(L(v1,v2), L(vs,v4)), Je1) = (v — n)(L(v1,vq), L(vs, v4)).

Now suppose a =1, 2 < b,c <m, m+ 1 < d,e < n such that e; € W.
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n

0= (772 - V2)5bc01de + Z Clej Z (CreiChij — C1eiClij)

j=1 i=1
+ Z Ceej Z (CpaiCrij — C14iCrij) + Z Ceqj Z (CpeiChij — C1eiChij)
i=1 j=1 i=1
(77 -V )(V - >6bc(5de + Z (Cde]CbC] + Cceijd] + Ccdjcbe]>
J=1

= (v — 1)0pebae — 1 Z CaejChej + 1 Z (CeeiCraj + CegjChe;)

j=m+1 j=2

=0’ (v —m)dne(Jeq, Jee) — n{h(L(ey, ec), e )J6e>

+nz (€b,€5),ea)(JL(ec, €5), Jee) —I—nz (€c,€), ea)(JL(ep, €5), Jee).

j=2

Since n # 0, we obtain

(h(L(ep, €c),€q), Jee) = (v —n)nope(Jeq, Jee) + Z(L(eb, e;),eq)(JL(ec €;), Je.)

m

+ 772<L(607 ej)v €d><‘]L(6ba ej)v J€e>a

j=2
so by linearity, the lemma is proven. O

Theorem 4.2.8. Suppose we are in Case m. Then we can decompose the tangent space

T,M=U®V oW, ® W, such that

WU,U) € JU WV, W) C JV

WU,V C JV BV, Wy) = 0

WU, W) © JW, WWL, Wh) C JU & JW,

h(U WQ) C JW,y h(Wl, Wg) C JWsy

WV, V) C JU @ JW, h(Wa, Wa) C JU & W, & JW.

Proof. The first 4 properties follow from (i) to (iv) in lemma 4.2.1. Moreover, the property
h(V,V) Cc JU & JW; follows property (v) in lemma 4.2.1 and the definition of Wi;
h(V,Wy) C JV follows from property (vii) in lemma 4.2.1; h(V, W) = 0 follows from
lemma 4.2.5, h(W;, Wy) C JW, follows from lemma 4.2.6 and h(Wy, Wy) C JU & JW; &

JW5 follows from lemma 4.2.7. O

Finally consider Case n. Then \; = v — 1 for i € {2,...,n}. Since es,..., e, are all
in the eigenspace of ¥ — 7, we may assume that es, ..., e, is in fact the canonical basis of
the vector space span{es, ..., e,}:

Caij = )\52)51'3‘,
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for 2 < 14,5 <n. We define

L@
V2:§)\§),

1 2
= 5%&2) +8n(n —v) = W% =201 =),

thus 7o% — 1% = 2n(n — v). So for 2 < a,b,c,d < n we have:

0= C%ﬁ {(772 _ y2>((5bcCade - 5achde) + Z; Cdej 22: (C’bciCaij — Cacicln'j)
Jj= i=
+Chde Z (CheiCrai — CaciCirpi) + Z Ciej (C1pcChaj — Clachj)}
=1 j=2
= c%,e {(772 - V2)<5bccade - 5accbde) + Z Cdej Z (Cbcicaij — Cacicbij)

=2 i=2

+

(y - 77)2 (5bcCade - 6accbde)}

- CEG {277(77 - V)((sbccade - 6achde) + Z Cdej Z (Cbcicaij - Cacicbij)}

=2 i=2

al1l

C

. {(n% - V%)(ébccade - 6achde) + Z Cdej Z (Cbcioaij - Cacicbij)} .

j=2 =2
We can thus consider the vector subspace span{es, ..., e,} as vectors satisfying the con-

dition of pseudo-parallel cubic form again. We may then reapply the decomposition to
this vector subspace.

4.3 Constant sectional curvature

This section is based on [Eji82], but is more general since we do not assume minimality.

Suppose M is a manifold of constant sectional curvature c¢. Then the equation of Gauss
(4.2.2) becomes

0=(n"—v) (Y, Z)(X, W) = (X, Z){Y,W)) + (h(Y, Z), (X, W)) — (h(X, Z), h(Y,W)).

Lemma 4.3.1. The eigenvalues of {ea,...,e,} are all v —1).

Proof. 1f we choose X =¢,,Y =e,, Z = e.,W = e4, then we find
0= <n2 — V2) (5b05ad — 5a05bd> + Z (CbciCadi — Cacicbdi) . (431)
i=1
If we choose a =c=1#b=4d in (4.3.1), we get

0= — (772 - V2) + Z (Cr1:C1pi — C11iCii)
i=1
= — (P =3+ N - 2u\

:()\b—l/—ﬂ)<)\b—V+77).
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So for all i € {2,...,n}, we find that \; = v —n. ]
Since {es,...,e,} are all in the eigenspace of v — 1, we may assume that {es,..., e,}
is in fact the canonical basis of span{es, ..., e,}:

(2
Caij = N 04,
for 2 < 14,7 < n and for certain eigenvalues Agz). Let us set vy = v and 1, = 7. We define

1
2

1 2

Vy =

A,

thus 7o% — 192 = 2n1 (1 — 11). So for 2 < a,b, ¢,d < n we have
0= (77% - V%) (5bc(5ad - 5a05bd) + Z (Cbcicadi - Caciobdi)
i=1
= (77% - V%) (6b06ad - 5a06bd) + Z (Cbcicadi - Cacidei) + (Vl - 7]1)2 (61)05(1(1 - 5a05bd>
=2

= 2771 (771 - Vl) ((sbc(sad - 5ac(5bd) + Z (Cbcicadi - Cacidei)

=2

(75 — 15%) (Opebad — Oacpa) + Z (CoeiCadi — CaciChai) -

1=2

This is just (4.3.1) again, but restricted to {es,...,e,} and with v, and 7. So we find
that )\52) = vy — 19 for 3 < i < n. We can continue this process, defining

L
i:_)\' )
1% 21

1 )2
N = 5\/)\2() + 8Ni—1(Mim1 — V1) = \/Vz2 +2n;—1(Nie1 — Vie1).

We can summarise the results of this process as follows:

Theorem 4.3.2. If we choose the canonical basis {ey,...,e,} where

e; = argmax C'(X, X, X),
Xe(UpM);
)\,SZ) = C’(ei, €;, ei),
where (U,M); ={X e UM | X Le,..., feu1}, and we define v; and n; as above. Then
C has the following form:

Ciii = 2v; Cijj = vi — 0
Ciij =0 Cijr = 0,

where 1 < 4,5,k < n and i < j < k. In particular, C' is completely determined by the
curvatures ¢ and ¢, and the values )\l(»z).
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Proof. The process to get this specific form is mentioned above. To see that C' depends
only on these values, note that we constructed v; and 7; using ¢, ¢ and )\gl). Using the

definition, we can write any v; and n; in function of ¢, ¢ and {)\gl), )\52), . 7)\1@}- O

A special case occurs when M is a Lagrangian submanifold of constant sectional cur-
vature c:

Theorem 4.3.3. Let M" be a Lagrangian submanifold of a complex space form ]\7[(46).
Then M has constant sectional curvature ¢ if and only if, at each point p € M, C' satisfies

Ciii = i Cijk =0,

where i, j, k not all equal, for some functions u; and for some orthonormal basis {e1, ..., e,}

[Dil+12].

Proof. 1If M has constant sectional curvature ¢, then take the canonical basis mentioned
in theorem 4.3.2. But since ¢ = ¢, we find that v = n and as a consequence v; = 1, for all
1 <4 <n. Then by theorem 4.3.2, C satisfies the required form by taking u; = 2v;.

Conversely, suppose that C' satisfies the given form for some basis {e,...,e,}. The
equation of Gauss (4.2.2) reduces to

n

<5(€a A €b)€c, €d> = <R<€aa eb)eca €d> - Z (Cbcicadi - Cacicbdi) =0,

i=1

so we have to prove this summation vanishes. But both terms in the summation are only
nonzero when a = b = ¢ = d = 1, in which case they equal eachother. So by linearity,
we indeed have that R(X,Y) =¢(X AY) for all X,Y € T,M and thus M™ has constant
sectional curvature c. O



Chapter 5

Classification results

In this chapter we give classification results for certain classes of Lagrangian submanifolds.
We mention the results without proof or explanation, as these fall beyond the scope of
this thesis. References are of course provided for the interested reader.

5.1 Lagrangian surfaces

If n = 2, then the conditions of pseudo-parallel cubic form and H-pseudo-parallel are
trivial. As can be seen in the summary of constraints on a Lagrangian surface, we end
up with 2 “weakest conditions”: being H-semi-parallel, having constant curvature K = ¢
or being H-umbilical. Due to theorem 3.2.12, the condition of H-semi-parallel means we
locally have one of the other two options.

The Lagrangian surfaces of constant curvature have been classified by Chen:

Theorem 5.1.1. There exist 19 families of Lagrangian surfaces of constant curvature
in C2. 12 of the 19 families are obtained via Legendre curves. Conversely, Lagrangian
surfaces of constant curvature in C? can be obtained locally from the 19 families [Che0;
Che05d].

Theorem 5.1.2. There exist 32 families of Lagrangian surfaces of constant curvature
in CP?. 25 of the 32 families are obtained via Legendre curves. Conversely, Lagrangian
surfaces of constant curvature in CP? can be obtained locally from the 32 families [Che05¢;
CheO5e; Che00].

Theorem 5.1.3. There exist 68 families of Lagrangian surfaces of constant curvature
in CH?. 48 of the 68 families are obtained via Legendre curves. Conversely, Lagrangian
surfaces of constant curvature in CH? can be obtained locally from the 68 families [Che05b;
CheO5e; Che07].

H-umbilical Lagrangian surfaces have been classified by Chen:

Theorem 5.1.4. Let M be a non-totally geodesic H-umbilical Lagrangian surface in C?
satisfying
h(er,e1) = Aey, h(er,ex) = ey, hiez, ez) = pJes,

such that the integral curves of ey are geodesics in M. Then we have [Che97a; Che99):

69
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(i) if M s flat, then one of the following 2 cases happens:

(i-1) M is a Lagrangian cylinder, i.e. a cylinder over a curve whose rulings are lines
parallel to a fixed plane,

(i-2) M is a twisted product manifold of the form ¢I x E,

(ii) if M is of constant nonzero sectional curvature c, then up to rigid motions of C?,
M s a Lagrangian pseudo-sphere, i.e. the complex extensor ' ® v of the unit circle
of E? via the unit speed curve

e2Vesi 4
2\/ci

which is then an immersion of an open portion of the 2-sphere S?(c),

F(s) =

(1) if M contains no open subset of constant sectional curvature, then, up to rigid
motions of C*, M is a complex extensor of the unit circle of E2.

Theorem 5.1.5. Let M be a non-totally geodesic H-umbilical Lagrangian surface in
CP?(4¢) for the immersion ¢ : M — CP?. We have [Che97b]:

(i) if M has constant sectional curvature c, it belongs to one of the 32 families mentioned
before,

(i) if M contains no open subsets of constant sectional curvature > ¢ and if the integral
curves of JH are geodesics in M, then there exists a unit speed Legendre curve

2(1) = (z1(x), 22(2)) : [ — S3(¢) C C?,

such that up to rigid motions of CP%(4¢), ¢ : M — CP2%(4¢&) with v given by Il o
where Y is defined by

P(x,0) = (21(x), z2(x) sin 0, zo(x) cos 9).

Theorem 5.1.6. Let M be a non-totally geodesic H-umbilical Lagrangian surface in
CH?(4c¢) for the immersion ¢ : M — CH?. Then we have [Che97b]:

(i) if M has constant sectional curvature c, it belongs to one of the 68 families mentioned
before,

(ii) if M contains no open subsets of constant sectional curvature > ¢ and if the integral
curves of JH are geodesics in M, then we define

and
u(z) = ¢+ () + k*(z).

Then one of the following cases happens:
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ii-1) if u(x) > 0, there exists a unit speed Legendre curve z = (21, z) : I — H3(¢) C
- 1
C? such that up to rigid motions of CH?(4¢), 9 is locally given by 1o where

P(x,0) = (21(x), z2(x) cos b, zo(x) sin 9),

(i1-2) if u(x) <0, there exists a unit speed Legendre curve z = (21, z3) : I — H}(¢) C
C? such that up to rigid motions of CH?(4¢), v is locally given by IT o where

Y(x,0) = (z1(x) cosh 0, z () sinh 0, z9(z)),

(ii-3) if u(z) = 0, then up to rigid motions of CH?(4¢), 1 is locally given by II o v
where

=02 T
¢($,9) _ efoz(iu-l-k)dac ( 1 _ (1 _ % _/ (@,u+ k‘)e_fot 2k(t)dtdl’) 7

2

(ip(0) — E(0)) (% + % /0 x(w +k)e 2k(t)dtdx) ,9) .

5.2 H-umbilical Lagrangian submanifolds

Chen did not just classify the H-umbilical Lagrangian surfaces, but in fact the classified
the H-umbilical Lagrangian submanifolds as a whole:

Theorem 5.2.1. Let M™ (n > 3) be a non-totally geodesic H-umbilical Lagrangian sub-
manifold of C". Then [Che97a; Che99]:

(i) if M 1is flat, then one of the following 2 cases happens:

i- is a Lagrangian cylinder, i.e. a cylinder over a curve whose rulings are
-1) M is a L ' linder, 1 lind h li
(n — 1)-planes parallel to a fized (n — 1)-plane,

(i-2) M is a twisted product manifold of the form I x E"!,

(i) if M is a manifold of constant nonzero sectional curvature ¢, then up to rigid motions
of C*, M is a Lagrangian pseudo-sphere, i.e. the compler extensor F @ of the unit
hypersphere of E™ via the unit speed curve

NG

which is then an immersion of an open portion of the n-sphere S™(c),

F(s) =

(#1i) if M contains no open subset of constant sectional curvature, then up to rigid mo-
tions of C*, M is a complex extensor of the unit hypersphere of E".

Theorem 5.2.2. Let M (n > 3) be a non-totally geodesic H-umbilical Lagrangian sub-
manifold of CP"(4¢) for the immersion ¢ : M — CP™. Then [Che97b]:

(i) if M is a manifold of constant sectional curvature c, then either:
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(7’_1) Cc= 67

(i-2) ¢ > ¢ and up to rigid motions of CP"(4¢) the immersion 1) = Il o ¢ where
W (Ve iVe—E—/0) ‘
€ ¢ ¢ ¢ ¢ ¢ ~ iv/cT

¢(£C,yl>...,yn)— 2\/6 (( \/E +\/Ey1)€
+ < c— & C~_C+\/E) +\/5y1> eiver,
Ve
(Ve — Ve — 4 Ve —ey)eVer — (et Ve — & — Ve — ey)em Ve,

\/Eyg(ei cx+€—i CI),...,\/Eyn(Gi cm+€—i cat))7

with y} + -+ +y2 =1,

(i1) if M contains no open subsets of constant sectional curvature > ¢, then there exists
a unit speed Legendre curve

2(x) = (21(2), 22(2)) : I — S*(¢) C C?,
such that up to rigid motions of CP™(4¢), 1 = Il o 1) where 1 is defined by
U@y, yn) = (21(2), 22(2)yns - 22(2)yn),
with y§ + -+ +y2 = 1.

Theorem 5.2.3. Let M (n > 3) be a non-totally geodesic H-umbilical Lagrangian sub-
manifold of CH™(4¢) for the immersion ¢ : M — CH™. Then [Che97b]:

(i) if M is a manifold of constant sectional curvature c, then either:

(i-1) ¢ =¢,
(i-2) ¢ > & and up to rigid motions of CH"(4¢) the immersion ¢ = Il o 1) where, if
c>0,

V(T Y1y Yn) = NG =
Ve—dVe—et Vo) =\ e

( Nar: \/_yl) ,

(Ve —Ve—e+Ve—ay)eV® — (Ve+ Ve—t— e =y )e Ve,

\/Eyz(ei cx_|_6—i c:c)7"'7\/zyn(€i cx_|_e—i c:c))j

e (LREvD ) e

+

with y? 4+ -+ y2 = 1; when ¢ = 0,

A | V=i — i —
qp(x,uQ,...,un):—<—~—Z':I:—{——Zu§,$+—zu§,uz,---,un>,
2\/6 \/E 2 j=2 2j=2
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or when ¢ <0,

i c—cx ~ n
e 1 — Vve—¢
J— —CIT . ~ 2
1/J(x,u2,...,un)— 5 ( ~(e <1— \/_CZ—CJE uj>

—C

yar: Nar:

1
— e’ﬁ‘”, 2u26‘/jcx, e ,2uneﬁ‘”> ,

V=

fe Ve (1+ C_éz)) eV (L +(Ve—éi— VTC)Z“?)

(i1) if M contains no open subsets of constant sectional curvature > ¢, then we define

¢
kz) = 1= (@)’

and
u(z) = ¢+ p*(z) + K (2).

Then M s foliated by real space forms N *(u(z)) of constant sectional curvature
u(zx). Then the following cases happen:

(1i-1) if u(z) > 0, then there exists a unit speed Legendre curve,
2(z) = (a1(2), 22(2)) : T — H{(¢) C Cf,
such that up to rigid motions of CH"(4¢), 1 = Il o ¢ where
U@,y on) = (21(2), 2(2)yn, - 22(2)yn),

with yi + -+ +y2 =1,

(11-2) if u(z) < 0, then there exists a unit speed Legendre curve
2(x) = (21(2), 22(2)) : [ — H}(E) C C3,
such that up to rigid motions of CH™(4¢), 1 = Il 0 ¢ where

V(@ Y1, Yn) = (21(2)y, - 20 ()Y, 22()),

with yt —y5 = =y =1,
(i4-3) if u(x) = 0, then up to rigid motions of CH™(4¢), 1) = Il o is locally given by

o 1 po z :
w(xa Uz, .- ,Un) = efo etk ( ~ (1 ) Z u? B / (Z,LL + k>€7 fO Zk(t)dtdx) ’
—¢ 2 g 0

1 — 1 [* ¢
(ip(0) — k(0)) (5 DU+ / (i + k)eJo 2k(t>dtdas) R u> .
j=2 0




74 Chapter 5. Classification results

5.3 Parallel Lagrangian submanifolds in CP"

Naitoh studied and classified the parallel Lagrangian submanifolds CP™ in a series of
papers [Nai80; Nai8la; Nai81b; Nai83a; Nai83b; NT82]. However, we refer to the classi-
fication in [Dil+12] as it is more “geometric”:

Theorem 5.3.1. Let M be a parallel Lagrangian submanifold of CP™. Then M is one of
the following:

(i) M is totally geodesic,

(i) M is locally the Calabi product of a point with a lower-dimension parallel Lagrangian
submanifold,

(11i) M s locally the Calabi product of two lower-dimensional parallel Lagrangian sub-
manifolds,

(w) n=k(k+1)/2—1 for k>3 and M is congruent with SU(k)/SO(k),
(v) n=k*>—1 for k>3 and M is congruent with SU(k),
(vi) n=2k*—k —1 for k >3 and M is congruent with SU(2k)/Sp(k),

(vii) n =26 and M is congruent with Eg/Fy.



Part 11

o-invariants of Lagrangian
submanifolds
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Chapter 6

o-invariants of Riemannian manifolds

In this chapter, we will discuss Chen’s d-invariants for general Riemannian manifolds and
submanifolds, not just for Lagrangian submanifolds of complex space forms. Most of the
content from this chapter is adapted from [Chell] and [Chel3].

6.1 Introduction

Curvature invariants are the number one Riemannian invariants and the most natural
ones. They also play key roles in physics: for instance, the magnitude of a force required
to move an object at constant speed, according to Newton’s law, a constant multiple of the
curvature of the trajectory. The motion of a body in a gravitational field is determined,
according to Einstein, by the curvatures of spacetime. All sorts of shapes, from soap
bubbles to red blood cells, seem to be determined by various curvatures. Borrow a term
from biology, Riemannian invariants are the DNA of Riemannian manifolds. Classically,
among the Riemannian curvature invariants, people have been studying sectional, scalar
and Ricci curvatures in great detail.

One of the most fundamental problems in the theory of submanifolds is that of im-
mersibility (or non-immersibility) of a Riemannian manifold in a Euclidean space (or,
more generally, in a space form). This problem has been around since Bernhard Riemann
and was posed explicitly by Ludwig Schlafli in [Sch71]. Schlafli asserted that any Rie-
mannian manifold M™ can be isometrically embedded in Euclidean space of dimension
%n(n—l— 1). Apparently, it is appropriate to assume that he had in mind of analytic metrics
and local analytic embeddings. This was later called Schlafili’s conjecture.

Maurice Janet published in [Jan26] a proof of Schléfli’s conjecture which states that a
real analytic Riemannian manifold M"™ can be locally isometrically embedded into any real
analytic Riemannian manifold of dimension %n(n +1). Elie Cartan revised Janet’s paper
in [Car27]; yet both Janet’s and Cartan’s proofs contained obscurities. C. Burstin got rid
of them in [Bur31]. This result of Cartan-Janet implies that every Einstein manifold M™
(n > 3) can be locally isometrically embedded in E"+1/2,

The Cartan-Janet theorem is dimension-wise the best possible, i.e. there exist real an-
alytic Riemannian manifolds M™ which do not possess smooth local isometric embeddings
into any FEuclidean space of dimension strictly less than %n(n+ 1). Not every Riemannian

7
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n-manifold can be isometrically immersed in E™ with m < %n(n + 1). For instance, not
every Riemannian surface M? can be isometrically immersed in E3. A global isometric
embedding theorem was proven by John F. Nash in [Nas56]

Theorem 6.1.1. Every compact Riemannian manifold M™ can be isometrically embedded
i any small portion of a Euclidean space E™ with m = %n(?m + 11). Every non-compact
Riemannian manifold M"™ can be isometrically embedded in any small portion of a Fu-

clidean space E™ with m = in(n+1)(3n + 11).

Robert E. Greene improved Nash’s result in [Gre70] and proved that every non-
compact Riemannian manifold M™ can be isometrically embedded in the Euclidean space
E™ with m = 2(2n+1)(3n+7). Also, it was proven independently in [Gre70] and [GR70]
that a local isometric embedding from a Riemannian manifold M™ into Ezn(n+D+n
exists.

always

The Nash embedding theorem was aimed at the hope that if Riemannian manifolds
could be regarded as Riemannian submanifolds, this would then yield the opportunity to
use extrinsic help in the study of (intrinsic) Riemannian geometry. However, this hope
had not been materialized according to Mikhail Gromov in [Gro85]. There were several
reasons why:

(i) It requires a very large codimension for a Riemannian manifold to admit an isometric
embedding in Euclidean spaces in general. But submanifolds of higher codimension
are very difficult to be understood, e.g. there are no general results for arbitrary
Riemannian submanifolds except the three fundamental equations of Gauss, Codazzi
and Ricci.

(ii) As explained in [Yau92], “What is lacking in the Nash theorem is the control of the
extrinsic quantities in relation to the intrinsic quantities”. In other words, we do
not have any optimal relationships between intrinsic and extrinsic invariants.

Since there are no obstructions to isometric embeddings according to Nash’s theorem, in
order to study isometric immersions (or embeddings), it is natural to impose some suitable
constraints. Shiing-Shen Chern asked in [Che68]: “What are necessary conditions for a
Riemannian manifold to admit a minimal isometric immersion into a Euclidean space?”.
From the equation of Gauss, it follows that a necessary condition is that Ric < 0 (and
in particular, 7 < 0). For many years, this was the only known Riemannian obstruction
for a general Riemannian manifold to admit a minimal immersion into a Euclidean space
with arbitrary codimension, until Bang-Yen Chen introduced his é-invariants in [Che93;
Che94; Che95|. These invariants were later applied to Lagrangian submanifolds [Che00b)].

6.2 Formal definition

Let M™ be a Riemannian manifold. Recall the definition of the scalar curvature:

T = ZK(ei,ej),

1<J

where {ej,...,e,} is an orthonormal basis for T, M.
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Definition 6.2.1. Let L be a subspace of T,M of dimension 2 < m < n — 1 and

{e1,...,en} an orthonormal basis of L. We define the scalar curvature of L as
T(L) = Z K(Gi, 6_7').
i<j

In particular, if m = 2, then 7(L) is the sectional curvature of L.

We will need the following definition:

Definition 6.2.2. We denote by S(n) the set of k-tuples (ng,...,nx) where

I,

ny<ng < ... < ng < n,

—~
—

~—
(@)
IN

k<|

|3

(ii) 2

IN

(ili) ny 4+ -+ nx < n.

Remark 6.2.3. Note that #S(n) increases quite rapidly with n: it is equal to p(n) — 1
where p(n) is the partition function. The asymptotic behaviour of #S(n) is given by

1 2
#S(n)%4n\/§exp< ?nw) as n — 00.

Definition 6.2.4. Let (nq,...,n;) € S(n). We define the d-invariant of (nq,...,ny) at
a point p € M as

d(ny,...,nk)(p) = 7(p) —inf{r (L) + ...+ 7(Lx)},

where Ly, ..., L; run over all £ mutually orthogonal subspaces of T, M with dimg L; = n;.

Because of a compactness argument, this infimum will always be reached and is ac-
tually a minimum. The subspaces {L1, ..., Ly} for which this minimum is attained need
not be unique, however.

Proposition 6.2.5. For certain integers, the delta-invariant has a well-known meaning:
(i) 6(0) =,
(ii) 6(2) = T — infrem,m K (7),

(iii) d(n — 1) = maxx =1 Ric(X).

Proof. Ttems (i) and (ii) follow immediately from the definition of the d-invariants. For
item (iii), let L = span{ey, ..., e,_1} be the subspace of T, M minimizing 7(L). Now,

n n—1 n—1
T—71(L) = Z K(e;,e;) — Z K(e;,e;) = Z K(e;, e,) = Ric(ey).
i<j i<j i=1

Since L is the subspace minimizing the left-hand side of the above equality, e, must be
the unit vector maximizing the right-hand side. O]
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6.3 Optimal general inequality for J-invariants

Before stating any results, we will introduce some notation. For a given delta-invariant
d(nq,...,ng) on a Riemannian manifold M™ and a point p € M, we consider the mutually
orthogonal subspaces Ly, ..., L, with dim(L;) = n; of T,M, minimizing the infimum
inf{7(Ly) +...+7(Lg)}. We then choose an orthonormal basis {e,...,e,} of T,M such

that
€1y-..,6n; S Ll,

€nit+ls--+5Cnit+ng € LQ,

Enytedng_ 1415 - - 3 Cnyqgny € Lk?

and we shall define L, as the subspace of dimension ngy; =n—n; — --- — ng, spanned
by {€ni+-tnp+1,-- -, €n}. Then we have that T,M = L1 ® Ly @ - - - @ Ly41. Note that Ly
may be empty and thus ng; may be zero.

To make notation with these indices a bit more easy, we set
Al = {1, e ,nl},
AQ = {n1+1,...,n1+n2},

Ap={m+-+ne1+1,... .0+ +m},
Apr={m+--+n+1,...,n},

so that we can apply following conventions for the ranges of summation indices:
a,byee{l,...,n}, i, je{l,... .k}, a,Bi,v €A, 18 tE Npi.

Definition 6.3.1. For each (ny,...,nx) € S(n), we define the functions ¢(n, ..., n;) and
b(nb s 7nk) by

n*(n+k—1- Z?Zl n;)
c(nl,...,nk): & s
2(n+k — ijl n;)

k
1 1
b(ny,...,ng) = §n(n —1)— 5 an(nj —1).
j=1

We have the following optimal general inequality [Che0bal:

Theorem 6.3.2. Let ¢ : M™ — M™ be an isometric immersion of Riemannian manifolds.
Then for each k-tuple (ny,...,n;) € S(n) we have

S(ny,...,n) <cng,...,n)|[H|? +b(ni, ..., n) max K, (6.3.1)

where max K is the mazimum of the sectional curvature of M restricted to 2-plane sections
of the tangent space T, M.

The equality case holds at p € M if and only if for any k mutual orthogonal subspaces
{L1,..., Ly} of T,M satisfying the infimum in the definition of 6(ny,...,ny), we have:
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(i) The shape operator A at p, with respect to the orthonormal basis {ey, ..., e,}, takes

the form
A 0
I IR 0
A = 0 Ag‘”) ) (6.3.2)
0 He Idnk+1

for any normal vector & where Ag) is a symmetric nj X n; submatriz and pe € R
such that

trace(Aél)) == trace(Aék)) = Jlg. (6.3.3)

(i1) With respect to the orthonormal basis {ei,...,e,}, we have that f((eai,eaj) =
K(e, e,) =max K(p) fori#j, r#s.

An important special case of this theorem is the following:

Theorem 6.3.3. Given an n-dimensional submanifold M in a real space form M™ ().
Then for each k-tuple (nq,...,n;) € S(n) we have

5(”1, c ,nk) < C(?’Ll, ce ,nk)HHHQ + b(nl, c ,nk)é (634)

The equality case of (6.3.4) holds at a point p € M if and only if there exists an or-
thonormal basis eq, . .., e, of T,M such that the shape operator at p satisfies (6.3.2) and
(6.3.3).

Because the proof of theorem 6.3.2 is based on the equation of Gauss and since this
equation for a totally real submanifold in a complex space form is the same as for a
submanifold in a real space form, we obtain the following result:

Theorem 6.3.4. Let M be an n-dimensional totally real submanifold of a complex space
form M™(4¢). Then for any k-tuple (nq,...,n;) € S(n) we have

S(ni,...,np) < c(ny,...,ne) | H|)? +b(ng, ..., ng)é. (6.3.5)

The equality case of (6.3.5) holds at a point p € M if and only if there exists an or-
thonormal basis ey, ..., e, of T,M such that the shape operator at p satisfies (6.3.2) and
(6.3.3).

So in particular, this theorem holds for Lagrangian submanifolds of complex space
forms.

Definition 6.3.5. Let ¢ : M™ — M™ be an isometric immersion of Riemannian man-
ifolds. If this immersion satisfies the equality in (6.3.1) for some (ng,...,n;) at every
point p € M, then it is called an ideal tmmersion.

The inequality is called “optimal” because ideal immersions that are non-minimal,
exist.
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Example 6.3.6. Consider the spherical cylinder M™ = E* x S"7*(1) where 0 < k < [2].
Then at a point p = (z,y), we can consider the tangent space T,M = T,E* & T,5"".
So let {ey,...,e,} be an orthonormal basis of T,M where {ej,..., ez} are the lifts of

an orthonormal basis of T,E* and {ep,1,...,e,} are the lifts of an orthonormal basis of
T,S™*. Then we have that

1 ifk+1<4,7<n,
0 otherwise.

K(eie;) = {

So we find that the scalar curvature of M is

(n—Fk)(n—Fk—1)
5 .

Now let (ny,...,n;) be such that (n; —1)+4---—(n;—1) = k. Then for orthogonal spaces
{Ly,..., L}, choose each L; to be the span of n; vectors in {ej,...,ex} and 1 vector in
{€k+1,...,€,}. Then clearly 7(L;) = 0 for all these spaces, and thus

(n—k‘)(n—k‘—l)'

o(ny,...,m)=1= 5

Now immerse this spherical cylinder as a hypersurface with the immersion

¢: M" =FEF x S"*(1) - E"* = EF x EF L.

It is well-known this immersion has ||H| = “=%. We can calculate ¢(n4, ...,n;) to be
n*(n—k—1)
c(nl, Ce ,nl) = W,

and therefore, for any such (ng,...,n;), we satisfy the equality in (6.3.1). So ¢ is an ideal
immersion.

6.4 Corollaries

Recall from proposition 6.2.5 that 6(f) and d(n — 1) have specific interpretation in terms
of the scalar curvature 7 and the Ricci curvature Ric. It is natural to wonder what the
optimal general inequality tells us about them.

Corollary 6.4.1. Let M™ be a submanifold of a real space form ]\Z/m(é) or a totally real
submanifold of a complex space form M™(4¢). Then

n(n —1)

<
="

(I1H* + @),
with equality holding at a point p € M if and only if p is a totally umbilical point.

Proof. The inequality follows directly from calculating c¢(f)) and b(). In the equality case,
(6.3.2) becomes A¢ = pie Id, which is the condition for being totally umbilical. O
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Corollary 6.4.2. Let M™ be a submanifold of a real space form ]\7[’”(6) or a totally real
submanifold of a complex space form M™(4¢). Then

2
Ric(X) < %HH!P +(n—1)
Proof. From calculating ¢(n — 1) and b(n — 1), we find that

2
Ric(X) < max Ric(Y) = d(n — 1) < %HHH? +(n—1)e,

which proves the corollary. O

Finally, in the case of §(2), we have an interesting result for the form of the shape
operator in the equality case:

Corollary 6.4.3. Let M" be a submanifold of a real space form Mm(é) or a totally real
submanifold of a complex space form M™(4¢). Then

n—2 n?
2) < H|? 1)c
o) < 52 (P + (04 1))

and equality holds at a point p € M if and only if there is a basis {ei,...,e,} of T,M
such that the shape operator A¢ has the form

0 0
Ag = pe ( 0 1d, . ) : (6.4.1)

where pe € R.

Proof. The inequality follows directly from calculating ¢(2) and b(2). For the equality
case, we refer to [Opr08]. O






Chapter 7

Improved inequality for Lagrangian
submanifolds

In this chapter, we will show that the general inequality is no longer optimal when re-
stricted to Lagrangian submanifolds. An improved and once again optimal inequality will
be given and proven in detail.

7.1 Loss of optimality

Naturally, we can apply theorem 6.3.4 to the case of Lagrangian submanifolds. However,
while inequality (6.3.5) is optimal in general, is it still optimal when restricted to the class
of Lagrangian submanifolds? It turns out it is not:

Theorem 7.1.1. Fvery Lagrangian submanifold satisfying inequality (6.3.5) is a minimal
submanifold [Che00a).

Proof. Let M™ be a Lagrangian submanifold of a complex space form M "(4¢) satisfying
equality in (6.3.5). Then there exists an orthonormal basis {ey,...,e,} of T,M at each
p € M such that, for each normal vector ¢ at p, the shape operator A, with respect to
{e1,...,en} takes the form (6.3.2) and that equation (6.3.3) holds.

If h = 0 there is nothing to prove. So assume h # 0. From (6.3.2), we find that for
any X € T,M and for any i € {1,...,k}, A;xL; C L;. Thus Ajr,L; C L;, and likewise
Ajr,Lj C Lj. From the symmetry of the shape operator we know that A;r, L; = A, Ls;
thus Ay, L;j C (L; N L), but since L; and L; are orthogonal if i # j, we find

h(Li, Li) C JLi, h(Li, Lj) =0, i #j.
Let us remark that

(tr%iceh, JX) = Z (h(€a;,€a;), JX) = Z (AJeq, a;, X) = Z (Asxea; €a;)

a; €N ;€A ;€A

= trace A%(,

85
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and
t h,JX) = hr77"a<]X: Ae-mX: A ry Er
(pace i JX) = 3 (hlerse). TX) = 37 (Areer X) = 3 (Asxene)
TEAk+1 TGAk+1 T‘EAk+1
= Z X (€rs €r) = Npp1flyx-
TGAk+1

We consider two cases:

(i) n1+...+ng =n. Then ngyy = 0 and by the definition of S(n), we know that k > 2.

We show that trace Af,iga =0, for any ¢ € {1,...,k}. There are two possible situa-
tions:

(i-1) @ = o with i # j. Then
trace Af;’gaj = Z <AJeaj Co;s Coy) = Z (AJeq, €ais €ay) = 0,
aieAi OéiEAi
since A Jea,€a; € Li and e, € Lj,

(i-2) a = o; € A;. Since k > 2, there exists a L; L L;. Then by (6.3.3) and (i-1),
we find ‘ .
trace A(Jlgm = trace Af,]e)w = 0.

Thus combining (i-1) and (i-2), we find that tracey, h =0 for all i € {1,...,k}.

(ii)) ny + -+ + ng < n. Then Agyq is nonempty, so choose some r € Ag,q. Then by
(6.3.2) we have that for any a and any b # r,

(Aje €a,ep) = (Aje,ry€0) = e, (€r,€p) = 0. (7.1.1)
Now consider two situations:
(ii-1) take @ = in (7.1.1), then we get for any b # r:
0= (Aje.r,e) = (Aseyers €r) = e, (€r, €r) = ey,

(ii-2) by definition, we know that A; is nonempty. Now consider a = b = a; € A
in (7.1.1) and then take the sum over all o, then we find by (6.3.3):
0= Z (Aje,€ays €ay) = trace ASIS)T = lije,-
a1€A1

By combining (ii-1) and (ii-2), we find that p;x = 0 for all X € T,M. Thus
(tr%pe h, JX) = trace Af;;( = psx =0,

(tgace h, JX) = ngi1pgx = 0.

k+1

So the trace of h over any space in {Ly, ..., Lg, Ly} vanishes.

Now the mean curvature is
1 k+1
H = —traceh = — trace h = 0,
n n ZZI L;

so indeed M is minimal. O
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7.2 Improved inequality

Since every Lagrangian submanifold satisfying the equality in (6.3.5) is minimal, the
inequality is not optimal for Lagrangian manifolds. So we should be able to find a function
cr(ny,...,ng) < c(ny,...,ng), such that the inequality with ¢; instead of ¢ is optimal.
This was done in [CD11b], however as pointed out in [CD11a| there was a mistake in the
proof. This was rectified in [Che+13].

We will first give two lemmas:

Lemma 7.2.1. For any set of real numbers {C’,. |1 < a,b,c < n}, which is symmetric
in the three indices a,b and c, there exists a Lagrangian isometric immersion F . U C
R™ — C" and a point p € U such that the cubic form of F' at p is given by Cupe = C,.
where {e1,...,e,} is the standard basis of R™ and J is the standard complez structure of

Cc.

Proof. Let f:U C R* - R : (21,...,2,) — f(21,...,2,) be a smooth function on an
open subset U of R™. Then

F:UCR" - C":(21,...,2,) — <x1+i3—£,...,xn+i§i),
3 f

is a Lagrangian isometric immersion satisfying Cyp. = Sraon,9s, At every point of U. For

a given set of real numbers {C’,. | 1 < a,b,c < n} we can easily construct a smooth
function f which satisfies this. For indices 1 < a < b < ¢ < n, consider the polynomial

1 2 1 2 1 3
f(.’ll') = a<zb<c C’abcxaxb:[;c + a_zkc Caac§$axc + a;b_c Cabbil'al'b + a_zb_c Caaagxa'

This function indeed has the required 3rd order derivatives. O

Lemma 7.2.2. For real numbers Ay, ..., Ay, denote by A(Ay,. .., Ag) the determinant

of the matrix with A, ..., Ay on the diagonal and all other entries equal to 1:

A 1 .- 1 1

1 Ay --- 1 1

1 1 - A, 1

1 1 - 1 A
Then

k k
AAy, Ay =TT =D+ T -1, (7.2.2)
i=1 i=1 j#i

In particular, if none of the numbers Ay, ..., A equal 1, then

1 1
A(Al,...,Aw:(1+A1_1+---+Ak_1)<A1—1>...<Ak—1>.
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Proof. We first verify if the result is true for £ = 1 and k = 2 by direct computation of
(7.2.1) and (7.2.2).

For the k = 1 case, clearly A(A;) = A, and equation (7.2.2) gives (41 — 1)+ 1= A4,
so this case works out fine.
For the k = 2 case, A(Ay, Ay) = A1 Ay — 1. Equation (7.2.2) becomes

(A —1D(As— 1)+ (A= 1)+ (A — 1)
:AlAQ—Al—A2+1+A1—1+A2—1
:AlAQ—l,

so the lemma is also true for k£ = 2.

Now assume that k& > 3 and the theorem holds for A(Ay,..., A;) with | < k. We
compute the determinant A(Ajy, ..., Ag) by first replacing the k-th column by the k-th
column minus the (k£ — 1)-th column, then replacing the k-th row by the k-th row minus
the (k—1)-th row and finally developing the determinant with respect to the last column.

A 1 1 0
1 A, 1 0
A(Ah . JAk) = :
1 1 Ay 11— AL,
11 1 A —1
A 1 - 1 0
1 Ay --- 1 0
11 - Ay 1— Ay,
0O 0 - 1—-—Aq A+ A,_1-2

= (A + Apy — 2A(AL . Aj) — (A )?A(A . Ay,

It is now sufficient to verify that the expression (7.2.2) indeed satisfies the recursion
relation

A(Al, e 7Ak) - (Ak + Ak,1 - 2)A(A1, N ,Akfl) - (Akfl)QA(Al, e ,Akfg).
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Now,
k—1 k—1 k—
(Ak+Ak1—2)( ZH —1>
i=1 i=1 j#i
k—2 k—2 k—
e (Ten -0+ 3T - )
i=1 i=1 ji
k k—1 k=1 k
=[[A-D+ @ -] A-D+> ][4 -1
i=1 =1 i=1 j#£i
k—1 k—1 k—1 k—2 k—1
+ (A D [T - = (A =D [ -1) - (4;—1)
i=1 j#i i=1 i=1 j#i
k ko k
=[Ja -1 +> [,
=1 i=1 j#i
which proves the lemma. O

Theorem 7.2.3. Let M™ be a Lagrangian submanifold of a complex space form M"(4&).
Let (ny,...,n) € S(n) be integers satisfying ny + -+ + ni < n and let ngry =n —ng —
-+ —mny. Then, at any point of M™, we have

n? (magr + 3k = 1= 60, 51
2 (s + 3k +2 - 625, 51

Assume that equality holds at a point p € M™. Then with the choice of basis and the
notations introduced earlier in this chapter, one has

(i) Cape = 0 if a,b,c are mutually different and not all in the same A; with i €

{1,...,k},
(i) Caiajaj - Ooéiak+1ak+1 ZBZEA wpip = 0 fori# j,
(111) Crpp = 3Css = (ni + 2)Coyar for m # 5.

Proof. The proof consists of four steps.

Step 1: Set-up. Fix a delta-invariant 6(ny,...,n;) and a point p € M™. Take linear
subspaces {L1, ..., Ly} of T,M and orthonormal basis {es, ..., e,} described above. The
equation of Gauss (1.3.7) gives us

<R(€i, €j)€j, €i> =c + Z(C“kcﬂk — CZQJk)
k
Then by taking the sum over all indices b < ¢ we get

T = n — 1 Z Z abbcacc abc)

a b<c
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and in particular, for each subspace L; we find
nl nz —1)
T(LZ) + Z Z a0 aﬁzﬁz Cacnﬁq)
a 057,<ﬁz

Combining these, we have

T — Z T(L;) = Z (Z(Cabbcacc Z Z s Capip, = Cg&iﬁi))
P p b<e i a<B;

+b(ny,...,ng)c

o Z (Z arrClass ars + Z Z ao; o Carr Csa T) (7.2.4)

a r<s
E E 2 ~
+ ( ao; 0 aa]aj CCLO( o ) + b(nl, . ,nk)c.
1<j o,

Now, let us consider the quadratic terms in the summations:

o2 m+;Z Coor t DD Cooay | 2D Con+ 20D Clnvar

a r<s i<j oy, r b#r ioap bgA;

(7.2.5)

since every term on the right-hand side is also a term on the left-hand side, but not
vice-versa. We then find by combining (7.2.4) and (7.2.5) that

Z < Z Z Carrcass + Z Z Caalalc’arr + Z Z Caalal ao

i a r<s 7 i<j apa;
- Z Z Cbrr - Z Z Z Obaiozi + b(nl, Ce ,nk)é (726)
T b#r i a; bEA,;

Now, we want to find ¢;, such that (7.2.6) is less than or equal to

ner(ny, .. .,ne) | H|? +b(ny, ... ,np)é = cp(ny,...,n Z (Z C’abb) +b(nq,...,ng)é,

(7.2.7)
such that the value for ¢y is the best possible one in the sense that the inequality in the
theorem will no longer be true in general for smaller values of ¢;. In view of Lemma 1,
we have to find the smallest possible ¢, for which the following two statements hold:

(I) for any I € {1,...,k} and any 7, € A,

Z C'A,ZTTCA,ZSS + Z Z O'ylalalc’yﬂ‘r + Z Z CWOMOM N g

r<s 1< oy,Q

2
Z nrr ZZ ooy — nlv B ank) (Z Cfnbb) )
b

£l o
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(IT) for any t € Ay,

Z Ctrrctss + Z Z Otaiai Ctrr + Z Z Otaiai Ctajaj

r<s 7

r#t

;T

DICED D) NN

1<J Q0

()

nl,...,n

Step 2: Finding the best possible cr, in (1).

We use that

ZC’Ylbb_ZZ ;04

1#l oy

Z ooy + 2 Z Z Caiai’YlCajaj’Yl

1<j oy,0

+2 Z Z CoicimCpipim 2 Z Z Coiaiy Crry +2 Z Crryy Cssy + Z Yy

i a;<Bi i

So we can rearrange (I) into

CL+ ZZ aoa’yl_'_cchilal’Yl

#l o oy

2CL—1

1<J o,

Now, if we put z, =

;T

Z Z Cal @i aJaJ’Yl + Z Z C@ et} CT?“’YZ + Z Ty ss'yl

iy,

Coay, foralla =1,...,

r<s

CL + 1 Z rry, T 2¢r, Z Z Caiai'ncﬂiﬁi’n

T oo<B;

> 0.

r<s

n, we can consider the left-hand side of the
previous inequality as a quadratic form on R". So we need to find necessary and sufficient

conditions on ¢y, for this quadratic form to be non-negative. Two times the matrix of this
quadratic form consists of (k + 1)? blocks:

My = (Nij)ij=1,. k1,
with
QCL QCL
All = c Rnlxnl,
2cy, 2cy,
20 +1) 2¢,—1 2c;, — 1  2c; —1
2c; — 1 2(cp+1) 2c;, — 1  2¢p —1
Api1 o1 = : : : : € RMkH17Mkt1
2c, — 1  2cp —1 2(cp +1) 2c,—1
2c, — 1  2cp —1 2c;, — 1 2(cp+1)
2(ep +1) 2cy, 2¢y, 2¢cy,
2¢cy, 2(c, + 1) 2¢y, 2¢cy,
Ay = : : ERMWMif i £ k41,
2¢y, 2¢y, 2(cp +1) 2¢y,
2CL ZCL QCL 2(CL + 1)
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2CL—1 2CL—1
Ay = : : € R"7M,
2CL—]_ QCL—]_

For every i € {1,...,k+ 1}, M; has the following n; — 1 eigenvectors:

win = (0,...,0,]1,—1,0...,0,0,]0,...,0),
win = (0,...,0,]1,0,—1...,0,0,]0,...,0),

Win—1=1(0,...,0,]1,0,0...,0,—1,[0,...,0).

A

We can verify this by multiplying the corresponding block A;; with the A;-part of the
eigenvector w;;. We have to consider the cases ¢ = [,i = k41 and ¢ # [, k 4 1 separately.

For i = [, we find

1 1
0
2, o0 2 : 0 :
" " 0 | 0
Myw; = : . |~ : =0 11~ 0 - wij,
2CL cee 2CL 0 0 0
0 0
for i = k+ 1 we find
1
0
Q(CL—l—l) QCL—l QCL—l 2CL—1 .
ZCL—l 2(0L+1> ZCL—l 2CL—1 O
Mywysy ;= : : : : o
QCL—l QCL—l 2(CL+1) QCL—l 0
2CL—1 QCL—l QCL—l 2(CL+1) .
0
ey +1) — (2c, — 1) 3
<2CL - 1) - (2CL - 1) 0
. <2CL—1>—(20L—1) . 0 —3.w '
T Qe —1)=2(cp+1) | | =3 | 7 TP
(QCL — 1) - (QCL — 1) 0

(20L - 1) — (2CL - 1) 0
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and for ¢ # [,k + 1 we find

1
0
2(CL -+ 1) ZCL cee 2CL 26L .
2c;,  2(cp+1) .- 2cr, 2cy, :
: : : : 0
Myw;; = : : : : : 3
2CL 26L s 2(CL + 1) 2CL 0
QCL 2CL cee ZCL Q(CL + 1) .
0
2(CL + 1) — QCL 2
2CL - 2CL 0
. 26L - 2CL) - 0 B
| 2 =264y | T 2 | T2
2CL — 26L 0
QCL — 2CL 0

The eigenvalues are 0, 3,2 depending on whether i = [,i = k+1 or i # [,k + 1 respec-
tively. So in total we have n — (k + 1) eigenvectors of M; with non-negative eigenvalues.
The orthogonal complement of all these eigenvectors is spanned by

1
Ui:—(0,...,0,|1,1,...,1,|0,...,O), 1=1,...,k+1,
n; ——— —
A

since

1
vhwg)=—1-141-04--+1-041-(=1)+1-0+---4+1-0)=0,
J oy

<Ui7wkj> = O,Z # k?
<UZ',U]'> =0.

.....

1 QCL cee QCL 1
(M{)y = oM = =1---1) |+ c | =26,
%, - 2 1
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/ T
(M])kt1 kg1 = Vg1 Mgy

2(6L+1) QCL—l 2CL—1 QCL—l
1 QCL—l 2(CL+1) ZCL—]_ QCL—l 1
=——(1,...,1) z : : z :
i
QCL—l QCL—l 2(0L+1) QCL—l 1
QCL—l QCL—l ZCL—l 2(CL—|—1>

1 3
= ((nk+1 — 1)(20L — 1) + 2<CL + 1)) = ZCL -1+ s
Nyl N1

(M])ii = viMyv!

2(6L + 1) 2CL s QCL QCL
1 2CL Q(CL + 1) s 2CL 26L 1
= —(1,...,1) : : : : :
ns
! 2CL ZCL ce 2(CL + 1) 2CL 1
QCL QCL s 2CL 2(CL + 1)

= %((nk+1 —1)(2c) +2(cp +1)) =2 (CL + i) )

7 3

2CL—1 ZCL—l 1

ZQCL—l.

(MZ/)ZJ :’UZ‘MZUJT: (17,1)

nin; . . . .
QCL—]_ QCL—l 1

We investigate three cases.

Case 1: 2¢;, = 1. In this case, we have

o (M))u=1,

hd (Ml/)kﬂ k1 = o

o (M) =1+ 2,
o (M])i; =0,
so M| is a diagonal matrix with positive diagonal entries, so clearly it is positive semi-

definite.

Case 2: 2¢; > 1. We verify that the matrix M/ = M]/(2¢, — 1) is positive semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M’ has positive determinant for all j =1,...,k + 1.

"o 2 __ 1
o (M) = 501 = 1T 551

2¢p,—14—2
" _ N4+l 3
° N . e o W 9

.« (M) = 2(ert) L,

QCL—l - QCL—l’
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Since (M/');; = 1, we can apply lemma 7.2.2 to calculate the determinants the afore-
mentioned submatrices. But all diagonal entries are strictly greater than 1, so these are
clearly positive.

Case 3: 2¢;, < 1. We verify that the matrix M/ = M]/(2c, — 1) is negative semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M’ has a determinant with sign (—1)7 for all j =1,...,k+ 1.

We get the same matrix elements as in Case 2, so we once again apply 7.2.2. We
consider ranges of j:

If1<j <, we have

if | <j<k+1, we have

ot s B A w7
%, 1|+ 1+2 1
=12 i
cr, ;14_% H<2CL_1 2c;, — 1
il Y] A

1 21 o / 2

= 14+ =
(2¢, — 1)771 2cL—1+ n; + 2 g +nZ ’
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and finally if j = k + 1, we have

1

3

2cr,—1

ngy1(2er,—1)

1) (s

) (nkJrl(;;L - 1))

k
QCL —1 nk+1<20L — 1)
= |2
il ’
P14+ 2 1 3
'];! 2, —1) \2c;, —1) \njp1 (21, — 1)
il
k k
1 2cy, n; Nk41 2 3
= 14+ — )
<2CL — 1>k QCL —1 * ; n; + 2 3 paiey ( + nz) (nk+1>
il il
Hence we have:
. 1 / n;
sign(D;) = (~1)’ sign (ch SR D 2> et
i=1
2c J n;
sign(D;) = (1) ! sign 5 i ] + - _:_ 5 I<j<Fk,
i=1 "
£l
2c b n n
. . L i k+1
sign(Disr) = (=1)sign | 5—Eg 4+ 30 - 4 2
i=1 "

So we always need the formula inside the sign-function on the right-hand sides of the

previous equations to be negative:

1 J
2cr,—1 =1

et + Zz 1

QCL 1

ch 1+EZ %

n+2§0
n;

n+2—

1<j<li,
<)<k,

nz
ni+

M <),

But since we are in the case where 2c; < 1, we know that 2c;/(2c, — 1) > 1/(2¢, — 1).
Moreover, it is obvious that for all 1 <i < k, n;/(n; +2) > 0 and nyy1/3 > 0. So the last
condition implies the first k& conditions.

Now, note that

k—1—2§:

z;él

1n+2_ n+2'

i=
i#£l
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Then applying this and multiplying the condition by 2c¢;, — 1 gives

k

1 Nk41
2 2c,— 1) | k—1-2 <0.
cr, + (2¢; — 1) ;ni+2+ 3 <

1=
i#l

Solving for 2c, gives

_ e +3k—3— 62} s

Nk+1 + 3k —6 ZZ;&% m

Step 3: Finding the best possible c, in (11).

We use that
Z Ciop = Z Z ajagt + CtQtt +2 Z Z Ca'a‘tcajaj
1< o,
+ 2 Z Z Calaltcﬂzﬁzt + 2 Z Z Coazaltcrrt + 2 Z Orrtcsst + Z rrte
i <B; i QT r<s

So we can rearrange (II) into

(cL +1) Z Z aiaqt T crChy + (cp + 1) Z rrt T 2CL Z Z CoiaitCppit

r#t T a<pB;

26L - 1 Z Z Ca atha]a]t + Z Z Ca a; tCTrt + Z Crrtcsst Z 0.

1<j Q;,Q T oy,T r<s

Now, if we put z, = C,y for all a = 1,...,n, we can consider the left-hand side of the
previous inequality as a quadratic form on R"™. So we need to find necessary and sufficient
conditions on ¢y, for this quadratic form to be non-negative. Two times the matrix of this
quadratic form consists of (k + 1)? blocks:

M, = (Aij)i,jzl,...,k+1

with
Q(CL + 1) 2CL ce 2CL 2CL
2¢y, 2(c, +1) --- 2¢y, 2¢y,
Ay = : : : : e R" ™ if § #£ k41,
QCL 2CL cee 2(CL + 1) QCL
2CL 2CL cee QCL Q(CL + 1)
QCL -1 --- QCL —1

2CL—1 QCL—l
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2(6L+1) QCL—l QCL—l QCL—l
QCL—l 2(CL—|—1> 2CL—1 QCL—l
Apg1 k1 = : : : : € RMe+1 XMkt
2CL—1 QCL—l 2(CL+1) ZCL—l
2CL—]_ QCL—l QCL—l 2CL

where we assumed without loss of generality that t = n.

For every i € {1,...,k}, M, has the following n; — 1 eigenvectors:

wi = (0,...,0,]1,=1,0...,0,0,]0,...,0),
wis = (0,...,0,]1,0,—1...,0,0,]0,...,0),

Win—1=(0,...,0,11,0,0...,0,—1]0,....0),
A

and M; has another n;,, — 2 eigenvectors

wk+11:(0,...,0,
wk+12=(0,...,0

1,-1,0...,0,0,0),
1,0,—1...,0,0,0),

Y

Wit mpps—2 = (0,...,0,11,0,0...,0,—1,0).

-~

Ak

The eigenvalues of w;; are again 0,3,2 depending on whether ¢ = [,7 = k + 1 or
i # I,k + 1 respectively. So in total we have n — (k + 2) eigenvectors of M; with non-
negative eigenvalues. The orthogonal complement of all these eigenvectors is spanned
by

1

?Ji:—(O,...,O,|1,1,...,1,‘0,...,0), 1=1,...,k,
n; ——
Ay
1
Uk+1:—(0,...,0,’1,1,...,1,0),
Ng1 — 1 ——

JAVINE]
Vgt = (O,...,O,l).

k+2)x(k+2) g

non-negative.

/ T
(M) k41 k41 = Vepr Myvjyy

20, +1) 2¢,—1 -+ 2¢c,—1 2¢p—1
1 2CL—]_ 2(0L+1) QCL—l 2CL—]_ 1
IR IEA
2CL—1 QCL—]_ Q(CL+1) 2CL—1 1
QCL—l QCL—l QCL—l 2<CL—|—1)
1 3

= —((nkH — 2)(26L — 1) + 2(CL + 1)) = QCL -1 +

= —7
Ng1 — 1 Ngr1 — 1
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(M})ii = viMp]

2(cp + 1) 2cy, e 2cr, 2cr.
) 2cr, 2(ecp +1) - 2cr, 2cr, 1
=—(1,....1) : : : : :
K 2;, 2, o 2c+1) 2 1
2cr, 2cr, e 2cr, 2(cp + 1)

~ (e~ V@) 2+ 0) =2 (e + 1)

7

QCL—l QCL—l 1
(1,...,1) : : | =2¢ — 1,
2CL—1 2CL—1 1

(M) 42 kt2 = Uk Myvl g = 2cy..
We investigate three cases.
Case 1: 2¢;, = 1. In this case, we have

o (M{)kt1k41 = P

o (M])pi2k+2 =1,

so M] is a diagonal matrix with positive diagonal entries, so clearly it is positive semi-
definite.

Case 2: 2¢;, > 1. We verify that the matrix M = M]/(2c;, — 1) is positive semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M/ has positive determinant for all j =1,... k + 2.

QCL—].-"-#

7 _ npt1—1 3
b (Mt )k+1 k+1 — 2cr—1 =1+ (mgsr1—1)(2cp,—1)?
2(er+:-) 1+2
" _ ng _ g
o (M)ii = —=5=> =1+ 57,

" _ 2cr __ 1
b (Mt )k+2 k+2 — 5., 1 — L+ 2cr,—1"

Since (M}');; = 1, we can apply lemma 7.2.2 to calculate the determinants the afore-
mentioned submatrices. But all diagonal entries are strictly greater than 1, so these are
clearly positive.
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Case 3: 2¢; < 1. We verify that the matrix M} = M]/(2¢c;, — 1) is negative semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M/ has a determinant with sign (—1)/ for all j = 1,...,k+ 2.

We get the same matrix elements as in Case 2, so we once again apply 7.2.2. We
consider ranges of j:

If 1 <j <k, we have

k 2
1 1 1+ = 3
Dp1=1|1 ni
k+1 +Z 12 T H <QCL_1> ((nk+1_1)(20L_1>>

(nk+1—1)(2cL—1)

k 2
2cr, — 1 (nk+1—1 (2¢, — 1) - 3
=1
(1322 (55 (o
k k
. 1 1 n; nk+1—1 3
© (2, — 1)* <2cL—1+;ni+2 >11( n> <n,€+1—1)’

and finally if 7 = k + 2, we have

1 1 1
Dio= |1+ Z oz + 3 +—
i=1 QCLiil (n4+1—1)(2cL—1) 2cr—1

| :zli[ (215—%1) ((nkﬂ - 1?(2% = 1)) (QCLl— 1>
_ (26L . i 2101—; L (g — 1?))(2% - 1))

i1 QCL —1 (nkH - 1)(26L — 1) QCL —1
k
1 2CL n; Ng+1 — 1 2 3
= 1+ =) (——).
(QCL—l)IH_l <2CL—]_+ZZITLZ+2+ 3 >H< +’I’LZ> (nk+1—1)
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Hence we have

. 1 / n;
. . -1 ¢ '
sign(D;) = (=1)"siegn <2cL —17 ; n + 2) t=ash
1 on n 1
. D (1) i k1 —
sign(Dg41) = (—1)" sign (20L—1+;ni+2+ 3 ’

k
sign(Dyyo) = (—1)" sign < L4 E + > .

2CL—1 :lni+2 3

So we always need the formula inside the sign-function on the right-hand sides of the
previous equations to be negative:

Uz .
2cL 1+Zz 1n+2— ) 1§j</{?+1,
ng nk+1_
2CL 1 + ZZ 1 7 +2 3 N S O 9
2cr, n; nk+1—
2cr,—1 + Z’L 1 7 +2 3 S O

But since we are in the case where 2¢;, < 1, we know that 2c.,/(2¢, —1) > 1/(2¢, —1).
Moreover, it is obvious that for all ¢, n;/(n; +2) > 0 and (ng+1 —1)/3 > 0. So the last
condition implies the first k£ + 1 conditions.

Now, note that
LI k
Y=

=1

2 1

=1 =1

Then applying this and multiplying the condition by 2¢;, — 1 gives

k
1 Ngy1 — 1
2 2cr, — 1) [ k=2 <0
n+ (2 )< Z;ni+2+ 3 >_’

Solving for 2cy, gives
nk+1+3l€—1 6Zz 1n+2

nk+1—i—3k+2 6211

2¢cp, >

n;+2

We show that the right-hand side of the ¢, found in step 2 is less than the right-hand
side of step 3. We define

k
1
A= 3k —6 ,
Tt * Zl n; + 2
z;_él
Thus we have to show that e
A— 3 A—1-— nl+2
A B )\ + 2 o ’Vll+2

which is true for n; > 1. But by definition, n; > 2, thus we choose for ¢;, the value found
in step 3.
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Step 4: The equality case. Assume equality holds at a point. Then we have equality
n (7.2.6), which gives us condition (i) of the equality case. Next, we have equality in
statement (I), this implies that the vector (Ciiq,, - - -, Chna, ) has to be a linear combination
of the eigenvectors w;; of M;. This gives condition (ii) of the equality case. Similarly we
obtain from equality in statement (II) condition (iii) of the equality case. O

Theorem 7.2.4. Let M™ be a Lagrangian submanifold of a complex space form M"(4é).
Let (nq,...,n,) € S(n) satisfying ny + -+ - +nx = n. Then, at any point of M™, we have

w2 (k=1-1%%, 55
2 (k - 22?:1 2—4—1n)

Assume that equality holds at a point p € M™. Then with the choice of basis and the
notations introduced earlier in this chapter, one has

d(ny,...,ng) < ) |H||? + b(ng, ..., ng)é. (7.2.9)

(i) Canso; =0 if i # j and a # oy,
(ii) if ny # n1: Caya,p, =0 if i # j and Za en, Coja;8, =0,
(111) if nj =ny: ZajeAj Caja;8; = (ni +2)Coyayp, for any i # j and any a; € A;.

Proof. The proof consists of four steps.

Step 1: Set-up. The set-up of the proof is exactly the same as the previous theorem,
except that now A1 = 0. So we have

T — Z Z Z Z ao; o anaJ Cga T ) + b(nl, e ,nk)é (7210)
i a i<j a;,q;
Now, let us consider the quadratic terms in the summations:
YN =D DD G (7.2.11)
a <) ag,a; 7 a; bEA;

since every term on the right-hand side is also a term on the left-hand side, but not
vice-versa. We then find by combining (7.2.10) and (7.2.11) that

Z < Z Z Z Caalo‘l acjag | Z Z Z Cl?aioai + b(nh SR >nk)6

7 1<J Q4,0 7 a; b¢Ai
(7.2.12)
Now, we want to find the “best” ¢y, such that (7.2.12) is less than or equal to

ner(ny, ..., n) | H|? +b(ny, ... ,ng)é = cp(ny,...,n Z (Z C’abb> +b(ny, ..., ng)c.

In fact, we want to prove that the value for ¢y is the best possible one in the sense that
the inequality in the theorem will no longer be true in general for smaller values of cy.
In view of Lemma 1, we have to find the smallest possible ¢; for which the following
statement holds:
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for any [ € {1,...,k} and any v, € Ap:

2
Z Z C’YlaiOCiC’YlOéjOCj - Z Z Mooy = nl, Ce ,nk) (Z Cwbb) . (7213)

1<j oy, £l oy b

Step 2: Finding the best possible cy.

We use that
Z CWbb Z Z [eHLe Tl Z oy +2 Z Z Caiai'ﬂ Cajaj’n
b £l o i<j aj,a;
+ 2 Z Z Calaz% Cﬁzﬁf)’l
T oa;<p;

So we can rearrange (7.2.13) into

(cr +1) Z Z awaiy, T CL Z o T 2€L Z Z Casaim s

iAl oy toa<pB;
QCL - ]' Z Z Oazaz')’l Q01 2 0.
1<j oy,
Now, if we put z, = Cye, for all @ = 1,...,n, we can consider the left-hand side of the

previous inequality as a quadratic form on R”. So we need to find necessary and sufficient
conditions on ¢y, for this quadratic form to be non-negative. Two times the matrix of this
quadratic form consists of k2 blocks:

M, = (Aij)i,jzl,.“,k;

with
2cr, - 2cp
Ap=1 + o i | eRW,
2cr, - 2cp
2(ep + 1) 2cr, e 2cr, 2cr,
2¢y, 2(c, +1) --- 2cy, 2¢y,
Ay = : : : : e R" ™ if 4 £,
2¢y, 2¢y, o 2(ep+ 1) 2¢y,
2cr, 2cr, e 2cr, 2(cp +1)
2c, —1 -+ 2¢p—1
Ay = : : e R™*",
2c, —1 -+ 2¢p—1

The next steps are identical to Step 2 from the previous theorem once again, so we omit
some details. We take the same eigenvectors v;. It is now sufficient to prove that the
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matrix M, = (UiMlUjT)i,sz...,k e RM*(*) is non-negative. This matrix has the following
components:

(M])u = 2¢y,

(M) =2 (CL + l) i # 1,

)

(MZI)Z] = QCL — 1.

We investigate three cases.

Case 1: 2¢;, = 1. In this case, we have
o (M)u=1,
o (MD)u=1+72
o (M])i; = 0.

so M| is a diagonal matrix with positive diagonal entries, so clearly it is positive semi-
definite.

Case 2: 2¢; > 1. We verify that the matrix M/ = M]/(2¢c,, — 1) is positive semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M’ has positive determinant for all j =1,... k.

1 _ 2CL _ 1
o (M")u= 51— LT 30,1

2 CL+% 1+2
o (M/)y = (2%_1@) =1+ Sep 17
o (M) =1.
Since (M]");; = 1, we can apply lemma 7.2.2 to calculate the determinants the afore-

mentioned submatrices. But all diagonal entries are strictly greater than 1, so these are
clearly positive.

Case 3: 2¢;, < 1. We verify that the matrix M/" = M]/(2c, — 1) is negative semi-
definite. Sylvester’s criterion states that it is sufficient to verify that the (j x j)-matrix
in the upper left corner of M," has a determinant with sign (—1)7 for all j =1,... k.

We get the same matrix elements as in Case 2, so we once again apply 7.2.2. We
consider ranges of j:

If 1 <j <, we have

o 1 1 +2j: ni\ 1 o
T (2cp — 1)1\ 2¢p — 1 i +2 )21 n; )’

and if [ < j <k, we have
()
1+—1.
n;

=

J

-~

1 26L n;
D; = .
J (2CL—1)]71 QCL—l +2::7LZ+2

i#l

S

<
Sl
—r
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Hence we have

. 1 o
. . -1 . i .
sign(D;) = (—1)’" " sign <26L — + ;:1 — 2) 1<y <,
sign(D;) = (—17 " sign | —2< § : I<i<k
S e, —17 & =7
7&

So we always need the formula inside the sign-function on the right-hand sides of the
previous equations to be negative:

2ep. - 1+Zz 1m0 1<5<],
2cLL1+Zz 1n+2<0 I<j<k

But since we are in the case where 2¢y, < 1, we know that 2¢/(2¢, —1) > 1/(2¢, —1).
Moreover, it is obvious that for all i, n;/(n; +2) > 0. So the last condition with j = k
implies the first £ — 1 conditions. Moreover, since n; < ng < --- < ny, the k-th condition
with [ = 1 is the strongest:

k
2cy, 2cy, 1
k—1-—2 <0
2cL—1+§nl QCL—1+ ;ni+2_

Multiplying the condition by 2c¢;, — 1 gives

k
1
2 2ecr — 1) [ k—1—-2 <0
CL+(CL )< ;m‘—l-Q)_ ’

and solving for 2¢y, gives

k—l—QZZ 2m+2
_221 2n1+2

Step 3: The equality case. Assume equality holds at a point. Then we have equality
n (7.2.12), which gives us condition (i) of the equality case. Next, we have equality in
(7.2.13), this implies that the vector (Cii,, ..., Chney,) has to be in the kernel of M;. If
n; # ny then this kernel is spanned by the eigenvectors w;;. This corresponds to condition
(ii) of the equality case. If n; = ny, the kernel of M is larger due to the choice of cr.
In particular, there will be non-zero linear combinations of the vectors vy,..., v, in the
kernel. Assume that

2¢cp, >

M, (Z am) =0, (7.2.14)

=1

for some real numbers {ay, ..., a;}.
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We calculate Mv;. If i # [, we find

Ail 2CL —1

1] ! :

Mui=—| Aa || 2 | =] 214 (1+2) |,
n; g

. 1 :

A 2, — 1
and for ¢ = [ we obtain

All QCL -1

: 1 :

1 : :

My=—1 Ag |- ¢+ | = 2cy,

nl . 1 .

Alk QCL —1

As such, we find that (7.2.14) is equivalent to

> a (2cL—1)+ai<1+%):0, 1<i<kisl,
Z?Zlaj (2c, — 1) +a;,=0.

n;
a; = a N
: TL1—|—2

for all # # [. But then we can calculate the sum of the a; and solve the conditions for ¢y :

(Z aj> (2cp — 1)+ a; = (Z a (nrj— 2) + al> (2¢, — 1)+ a; =0.

il

From this we determine that

Because the solution cannot be zero, a; # 0 and we may divide by a;:

Solving this for 2c; and rewriting the summation gives us
1
k—1-25", ;)
1 )
k—2 Zl;ﬁl n;+2

from which is clear that we have a solution if and only if n;, = n;. Thus the vector
(Ci1yys - - -, Cney, ) has to satisfy condition (iii) of the equality case. O

2CL =

Definition 7.2.5. Let ¢ : M™ — M"™(4¢) be an isometric immersion of a Lagrangian
submanifold in a complex space form. If this immersion satisfies the equality in (7.2.3)
or (7.2.9) for some (nq,...,nx) at every point p € M, then it is called an improved ideal
1MMErsion.



Chapter 8

Corollaries

In this chapter, we give some corollaries of the improved inequality. In the first section
we will give a non-immersibility theorem for compact Lagrangian submanifolds, in the
second section we give corollaries related to k-tuples where kK =0 or k = 1.

8.1 Non-immersibility of compact manifolds

Definition 8.1.1. Let M™ be a Lagrangian submanifold of a complex space form. We
define the Maslov form ® of M as

¢, T,M —-R: X w— (X, JH),
i.e. the dual form of JH.

Proposition 8.1.2. Let M be a Lagrangian submanifold of a complex space form M(Zlé).
Then the Maslov form ® on M is closed, i.e. d® =0 [Che98].

Proof. Let {ei1,...,e,} be an orthonormal frame for T'M, and extend it with {e,,; =
Jei, ... eq, = Jen} to form an orthogonal fgame for TM. Let w' be the dual forms to
{e1,...,e,} and @] the connection forms of V.

Choosing j = ¢ in (2.3.3) gives us

At = zzw; A@E 4 Qi (8.1.1)

Now consider the Maslov form &:

o= (., JH>:Z<6],JH :——Z (€i,€e), Jej)w :——Z (ej,€), W’
= ——Z V. e Jepw! = ——ZWH” (ej)w’ = ——Z mans (8.1.2)

Therefore, combining (8.1.1) and (8.1.2) we find that
o=~ aztr = L (23 g awk, + o).
n i i n ~— k i+n i i
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Now, we show that the first term vanishes:

~ioA ko ~ioA ok ~i A~k ~i Ak
E wk/\wiJrn—g wk/\wiJrn—g wk/\an—l—E Wy A Wiy,
ik

ik i<k k<i
— "‘k /\ "‘i _l_ "‘k /\ "‘i B O
= Wy NWein Wi N Weyp = U.
i<k i<k

And so does the second term:

~ . 1 ~ ) 1 ~ )
Do =5 Y (Rleim eej en)w’ Awt =5 Y (R(Jew e, en)w? At

% 1,5,k

= —% Z <<R(e,~, e;)Je;, er) + <]~%(ej, Je;)e;, ek>> WA Wk

4,7,k
== Z < (€i,ej) ek, €;) + <R(Jei, e;)Jer, J61->> WA Wk
zjk
:——ZZ (€as €; )Jer, ea)w’ A w” :——ZRIC e],Jek)wj/\w = 0.
7.k
Thus d® = 0 and therefore the Maslov form @ is closed. O]

Theorem 8.1.3. Let M™ be a compact Lagrangian submanifold of a complex space form
M™(4¢). If M has finite fundamental group (M) or null first Betti number by(M), then
M has minimal points, i.e. the mean curvature H must vanish at some points.

Proof. Assume that H is nowhere zero, then the Maslov form & is nowhere zero. Since
® is a closed 1-form, its equivalence class [®] € Hjz(M). Now suppose that @ is exact,
then there exists a function f : M — R such that & = df. But M is compact, so f
attains a maximum on M, say at p. Then ®, = (df), = 0, which is a contradiction with
® being nowhere zero. So ® is not exact, so its equivalence class is nontrivial and thus
H'(M,R) is nontrivial. This means that b;(M) = dim H},(M) > 0 and thus M is not
simply connected. We now consider 2 cases:

(i) m (M) = 0. We know that by (M) # 0, thus M is not simply connected. But then
m1 (M) # 0, which is a contradiction. So M has a minimal point p,

(i) m (M) # 0. Let ¢ : M — M be the Lagrangian immersion of M into M. Denote
by M the universal Riemannian covering space of M and let 7 : M — M be the
universal covering map. Then N is also a compact n-dimensional manifold since M
is compact and m (M) < co. Then ¢ = ¢ o is a Lagrangian immersion of M into
M. But M is simply connected, thus 7 (M) = 0. But by case (i) we then find that
M has a minimal point p. Then p = 7(p) is a minimal point of M.

Thus M has at least one point p such that H(p) = 0. ]

Theorem 8.1.3 is sharp:



8.1. Non-immersibility of compact manifolds 109

Example 8.1.4. Consider the standard embedding
p:T"=8"x...xS'5C"=Cx---xC.

T™ is a compact Lagrangian submanifold with nonzero constant mean curvature. However,
T™ has first Betti number b;(7") = n, and fundamental group m1(7™) = Z" which is
infinite.

Corollary 8.1.5. There do not exist Lagrangian immersions of nonzero constant mean
curvature n-spheres into complex space forms.

Proof. Follows directly from theorem 8.1.3. ]

Before stating the next corollary, we need the following result:

Lemma 8.1.6. A complete n-dimensional Riemannian manifold M for which Ric(X) >
¢ >0 for any X € UM, is compact and has finite fundamental group [Myej1].

Corollary 8.1.7. If M is a complete Riemannian manifold whose Ricci curvature satisfies
Ric(X) > ¢ > 0 for any X € UM, then every Lagrangian immersion of constant mean
curvature of M into a complex space form M is a minimal immersion.

Proof. By lemma 8.1.6, we know M is compact and has finite fundamental group. Thus
we can apply theorem 8.1.3 to find that there exists a minimal point. But since H is
constant, we then know that M is minimal. O

Corollary 8.1.8. Let M™(c) be a compact real space form of positive constant curvature
¢ > 0, immersed as a Lagrangian submanifold with constant mean curvature in CP".
Then M is totally geodesic.

Proof. Since M is a compact real space form of positive curvature, it has finite funda-
mental group. By theorem 8.1.3 M is a minimal immersion, and by theorem 3.2.8 it is
totally geodesic. O

Corollary 8.1.9. There do not exist Lagrangian isometric immersions from a compact
Riemannian manifold with positive Ricci curvature into C* or CH™.

Proof. Let M be a compact Riemannian manifold with positive Ricci curvature. If ¢ :
M — M is a Lagrangian isometric immersion of M into a complex space form M (4¢) of
constant holomorphic sectional curvature ¢ < 0, then by theorem 8.1.3 ¢ has at least one
minimal point, say at p € M.

Now, consider the equation of Gauss (4.2.2), which gives that
c((ei Nejlej,ei) = (Rlei, X)Y, ei) — (hlei, ei), hiej, €;)) + (h(ei, 5), h(ei, €5)).

Summing over all ¢ = 1,...,n gives

¢(n — 1) = Ric(e;) — n(H, h(ej, e;)) + Z 17 (es, e5) I
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Let us assume H = 0 at some point p, then we can rearrange this equation at p as
n
Ric(e;) = &n —1) = Y [Ih(ei, ;)]
i=1

However, since ¢ < 0, the right-hand side is negative whereas the left-hand side is strictly
positive, which is a contradiction. O

We now show how we can use d-invariants in this situation:

Corollary 8.1.10. Let M™ be a compact Riemannian manifold with first Betti number
b1 (M) = 0 or with finite fundamental group m (M), and let ¢ € R. If there exists a k-tuple
(n1,...,ng) € S(n) such that 6(nq,...,ng) > b(ny,...,ng)é¢ at every point of M, then M
does not admit any Lagrangian isometric immersion into a complex space form M(Zlé).

Proof. Assume that M admits a Lagrangian isometric immersion ¢ : M — M"(4¢). If
M satisfies 0(nq,...,ng) > b(ny,...,ng)c for some k-tuple (ny,...,ng) € S(n), then by
theorem 6.3.2 we find

b(ny,...,np)é < d(ny,...,ng) <clng,...,m)|[H||* +b(ny, ..., n.)é,

and thus

0< C(nla s ank)”H||2
Since ¢(ny,...,ny) is strictly positive, we find that H is nowhere zero. But then theo-
rem 8.1.3 gives a contradiction, thus such immersion does not exist. O]
Remark 8.1.11. The condition on §(ny,...,ng) in corollary 8.1.10 is sharp. For example,

consider the Whitney sphere in example 3.3.11. This is a Lagrangian isometric immersion
with d(nq,...,n,) > 0 at all points, with equality holding only at the unique point of
self-intersection w(1,0,...,0) = w(—1,0,...,0).

The assumptions on 71 (M) and by (M) in corollary 8.1.10 are both necessary if n > 3:

Example 8.1.12. Consider the unit circle F : St — C : s+ €%, and let ¢ : S"1 — E»
(n > 3) be the unit hypersphere in E" centred at the origin. Then

¢:M=S"xS"1 = C":(s,p)— F(s)®p),

is a complex extensor, thus a Lagrangian isometric immersion of M into C™ which carries
each pair of points {(s,p),(—s,—p)} € M to a point in C". Clearly 7m(M) = Z and
b1 (M) = 1. Moreover, for each k-tuple (nq,...,ny), the d-invariant d(ny,...,n;) is a
positive constant.

8.2 Results for k=0o0or k=1

We first consider the case £ = 0. We can provide an improvement of corollary 6.4.1 using
the improved inequality.
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Corollary 8.2.1. Let M™ be a Lagrangian submanifold of a complex space form M”(élé).
Then the scalar curvature of a M satisfies

< "(”2_ D (n12||H||2+5>. (8.2.1)

The equality sign of (8.2.1) holds if and only if M is a Lagrangian H-umbilical submanifold
with A = 3.

Proof. If we choose k = 0 (and therefore n = ng41), then (7.2.3) reduces immediately
0 (8.2.1). For the equality case of the theorem, note that T,M = Lj4;. We know that
Crrr = 3C,ss for r # s and C.qy = 0 for r, s, t all different.

Now first suppose that M is minimal. Then for any r,t,

-1
0= H Jer Zcrss:< n3 )Crrrz<n+2)0rtt7

thus C' = 0 and M is totally geodesic. If M is not minimal, we can choose e; = —JH/||H]|.
So for any r # 1:

—1
|H| = (H, Jer) chss = ( 3 ) Cinn = (n+2)Chyp,

and for any r,t different and not 1:

0= H Jer ZCrss = < ; 1) Crrr = <n+ 2)Crtt7

so M is H-umbilical. O

Remark 8.2.2. Inequality (8.2.1) was already known before the improved inequality for
Lagrangian submanifolds. For n = 2 it was proved in [CU93] (¢ = 0) and [CU95] (¢ # 0).
For general n it was proved in [BCM95] (¢ = 0) and [Che96; CV96] (¢ # 0).

Next, let us give a general result for k = 1:

Theorem 8.2.3. Let M be a Lagrangian submanifold of a complex space form M™(4¢).
Then for any integer ny € {2,...,n — 1} we have

n*(ny(n —ny) +2(n — 1)) IH|? + %(n(n — 1) —ny(ny — 1))é. (8.2.2)

<
Om) = 2(ni(n —nq1) +2n+ 3n; +4)

Moreover, if the equality sign of (8.2.2) holds identically for some ny < mn — 2, then M is
a minimal submanifold [CD11b].

Proof. The inequality follows immediately from taking & = 1 in (7.2.3). For the equality
case, we refer to [CD11b]. O
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Remark 8.2.4. Theorem 8.2.3 is sharp. Let F': I — C* : s — 7(5)e"®) be a unit speed
curve with curvature x(s) = (n + 1)0'(s) # 0 and let ¢ : S" (1) — E" be the unit
hypersphere centred at the origin. Then the complex extensor F®¢ : I x S 1(1) — C" is
a non-minimal Lagrangian submanifold satisfying equality in (8.2.2) [CD11b]. An example
of a non-minimal Lagrangian submanifold of CP3(4¢) attaining equality can be found in
[BV07].

For the Ricci curvature we find the following improvement of corollary 6.4.2:

Proposition 8.2.5. Let M™ be a Lagrangian submanifold of a complex space form M”(ZLE).
Then the Ricci curvature of M satisfies

Ric(X) < WHHHQ +(n—1)e (8.2.3)

For any X € UM. Equality holds for every X if and only if M 1is either totally geodesic
or a H-umbilical submanifold with A = 3 [Den09; Opr05].

Proof. Let ny =n —1in (8.2.2). Then we obtain

Ric(X) < max Ric(Y) = d(n — 1)@”17”2 + (n—1)c

For the equality case, we refer to [Den09]. O

To finish, we mention that several results have been obtained for the §(2)-invariant,
for example see [BDV07; BV07; Che+94; Che+96; CV02; Dil+14; Opr08].



Appendix A

Lagrangian submanifolds in
symplectic geometry

In this chapter, we give a small introduction to symplectic geometry and in particular
we discuss Lagrangian submanifolds from the symplectic point of view. This chapter is

based on [Arn89; Arn90; DS01; Wei77].

Definition A.1. Let M be a differentiable manifold, and let w € Q?(M) with the follow-
ing properties:

(i) w is nondegenerate (or symplectic), i.e. if w(X,Y) =0 VY, then X =0,
(ii) w is closed, i.e. dw =0,
then we call (M,w) a symplectic manifold and w is called the symplectic form.

Note that a necessary condition for w to be symplectic is that dimg M is even.

Suppose M has an almost complex structure J. Then we say that J is compatible
with the symplectic form w if (.,.) = w(., J.) is a Riemannian metric on M.

In symplectic geometry, the definition of a Kahler manifold is as follows:

Definition A.2. A Kahler manifold is a symplectic manifold (M,w) equipped with a
compatible almost complex structure J such that A; = 0. The symplectic form w is then
called a Kahler form.

Remark A.3. From the closedness of w follows that VJ = 0, so M is clearly a Kéhler
manifold in the Riemannian sense. But the converse holds too: if we have a Kahler
manifold M in the Riemannian sense and we define w(.,.) = (J.,.), then from VJ = 0
follows that w is closed and thus M is Kahler in the symplectic sense. So both definitions
are equivalent.

A Lagrangian submanifold is defined as follows:

Definition A.4. Let M be a submanifold that has half the dimension of the ambient
symplectic manifold (M, w), such that w|y = 0. Then we call M a Lagrangian submani-

fold.
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Remark A.5. Since w(.,.) = (J.,.), this means that (JX,Y) =0 =w(X,Y) for X,Y €
T,M. So again this definition is equivalent to the Riemannian definition.

So where does the big difference between Riemannian and symplectic geometry lie? In
Riemannian geometry, we defined (sub)manifolds up to isometry. However, in symplectic
geometry, we consider things up to symplectomorphism:

Definition A.6. Let (M;,w;) and (Mz, ws) be 2n-dimensional symplectic manifolds and
let ¢ : M7 — M be a diffeomorphism. Then ¢ is a symplectomorphism if ¢*wy = wy.

We have the following theorem:

Theorem A.7 (Darboux). Let (M,w) be a 2n-dimensional symplectic manifold, and let
p be any point in M. Then there is a coordinate chart (U,x1,...,Tp,Y1,--.,Yn) centred
at p such that on U

w = id% A dy;.

i=1

If we have 2 Lagrangian submanifolds M? and M} of a symplectic manifold (M",w)
and points p and ¢ on them respectively, there is a symplectomorphism from a neighbour-
hood of p (in the ambient symplectic manifold M ) to a neighbourhood of ¢ which sends
p to ¢ and maps M; to M,. This can be done using Darboux’s theorem: simply take a
coordinate basis such that the first n coordinates vanish on the Lagrangian submanifold.



Conclusions and further research

In this thesis we have given the reader an introduction to Lagrangian submanifolds of
complex space forms. In the preliminaries, we gave a description of complex space forms
and Lagrangian submanifolds, and we discussed their basic properties. A canonical basis of
the tangent space was introduced, which has several nice properties helpful in determining
the second fundamental form, and thus the properties of the submanifold itself.

In the first part of this thesis we discussed parallelity conditions we may impose on a
Lagrangian submanifold. Basic properties of each of these conditions were considered, as
well as how the various conditions interact with each other. In particular, we researched
the condition of pseudo-parallel cubic form proposed in [DVV09] and introduced the new
condition of H-pseudo-parallelity. We also discussed the use of the canonical basis to
decompose the tangent space, and gave some classification results.

In the second part of this thesis we considered Chen’s d-invariants and the inequality
we can obtain between these invariants and the mean curvature. We then restricted
ourselves to the Lagrangian case, providing a better inequality and giving corollaries of
this improved inequality.

The work in this thesis can be continued and extended in many ways. We give a short
list of suggestions:

(i) For Lagrangian submanifolds, we introduced a normal wedge A1 operator and a
Lagrangian wedge A = A @ AT. The reason to do so was that this construction
retains the same symmetries as the Van der Waerden-Bortolotti connection V and
curvature R. However, the construction of the normal wedge was strongly based on
the complex structure J. One may wonder if it possible to define similar operators
in different or more general settings.

(ii) In the case of Lagrangian surfaces, we have shown that the ‘weakest’ conditions
were constant curvature K and H-umbilicity, both of which have been classified.
Is it possible to classify all Lagrangian surfaces, or can we come up with a weaker
condition than the two aforementioned ones to classify?

(iii) Can the given technique for decomposing the tangent space be improved upon,
and can it be applied to give more classifications of certain classes of Lagrangian
submanifolds?

(iv) Finally, the improved inequality for Lagrangian submanifolds of complex space forms
was only proven very recently, in 2013. There is still much work to be done for the
classification of (improved) ideal Lagrangian submanifolds.
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