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Abstract

We determine which non-crystallographic, almost-crystallographic groups of dimen-
sion 4 have the Roc-property. We then calculate the Reidemeister spectra of the 3-
dimensional almost-crystallographic groups and the 4-dimensional almost-Bieberbach
groups.

1 Introduction

Let G be any group and ¢ : G — G an endomorphism of this group. Define an equivalence
relation ~, on G given by

Vg, €G:g~yg <= JheG:g=hgph)".
An equivalence class [g], is called a Reidemeister class of ¢ or y-twisted conjugacy class.
The Reidemeister number R(yp) is the number of Reidemeister classes of ¢ and is therefore
always a positive integer or infinity. The Reidemeister spectrum of a group G is the set of
all Reidemeister numbers when considering all possible automorphisms of that group:

Specp(G) = {R(p) | ¢ € Aut(G)}.

If Specyp(G) = {00} we say that G has the R, -property.

Reidemeister numbers originate in Nielsen fixed point theory, where they are defined as
the number of fixed point classes of a self-map of a topological space Jiang 1983, although
they also yield applications in algebraic geometry and representation theory Fel’shtyn and
Troitsky 2015]

It turns out that many (infinite) groups admit the R.-property. This is also the case
for most almost-crystallographic groups, e.g. in Dekimpe and Penninckx [2011]it was shown
that 207 of the 219 3-dimensional crystallographic groups and 15 of the 17 families of 3-
dimensional (non-crystallographic) almost-crystallographic groups all have the R..-property.
Furthermore, in Dekimpe et al. [2019a] it was shown that 4692 of the 4783 4-dimensional
crystallographic groups admit the R, property. Moreover, the Reidemeister spectra of all
crystallographic groups of dimensions 1, 2 and 3 were calculated, as well as the spectra of
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the 4-dimensional Bieberbach groups. In this paper we extend these results by studying the
4-dimensional almost-crystallographic groups.

This paper is structured as follows. In the next two sections, we provide the necessary
preliminaries on Reidemeister numbers and almost-crystallographic groups. In section 4 we
determine which almost-crystallographic groups of dimension 4 possess the R.,-property.
Sections 5 and 6 are devoted to calculating the Reidemeister spectra of the 3-dimensional
almost-crystallographic groups and the 4-dimensional almost-Bieberbach groups respect-
ively. The final section summarises the obtained results.

2 Reidemeister numbers and spectra

In this section we introduce basic notions concerning the Reidemeister number. For a general
reference on Reidemeister numbers and their connection to fixed point theory, we refer the
reader to Jiang |1983|

The definitions of the Reidemeister number and Reidemeister spectrum were given in
the introduction. However, nothing was said on how we actually determine whether a group
has the R.-property, and if not, how we calculate its Reidemeister spectrum. The following
lemma is an essential tool for the former.

Lemma 2.1 (see Fel’shtyn and Troitsky [2015, Section 2.2, Gongalves and Wong 2009,
Lemma 1.1). Let N be a normal subgroup of a group G and ¢ € Aut(G) with ¢(N) = N.
We denote the restriction of ¢ to N by ¢|n, and the induced autormorphism on the quotient
G/N by ¢'. We then get the following commutative diagram with exact rows:

1 N €] G/N 1
RN
1 N G G/N 1

We obtain the following properties:

(1) R(p) > R(¢'),

(2) if R(¢’") < 00, R(p|n) = o0 and |Fix(¢')| < oo, then R(p) = oo.
A direct consequence for characteristic subgroups is the following:

Corollary 2.2. Let N be a characteristic subgroup of G. If either

(1) the quotient G/N has the Roo-property, or

(2) N has finite index in G and has the Roo-property,

then G has the Roo-property as well.

3 Almost-crystallographic groups

Let G be a connected, simply connected, nilpotent Lie group with automorphism group
Aut(G). The affine group Aff(G) is the semi-direct product Aff(G) = G x Aut(G), where
multiplication is defined by (dy1, D1)(d2, D2) = (d1D1(dz), D1D3). If C'is a maximal compact
subgroup of Aut(G), then G x C' is a subgroup of Aff(G). A cocompact discrete subgroup
I' of G x C is called an almost-crystallographic group modelled on the Lie group G. The
dimension of I is defined as the dimension of G.



If T is torsion-free, then it is called an almost-Bieberbach group. If G = R"™, then it is
called a crystallographic group, or a Bieberbach group if it also torsion-free.

Crystallographic groups were historically studied first, and are well understood by the
three Bieberbach theorems. These theorems have since been generalised to almost-crystal-
lographic groups, which we will briefly discuss below. We refer to Szczepanski 2012 and
Dekimpe [1996] for more information on the original and generalised theorems respectively.

The generalised first Bieberbach theorem says that if I' C Aff(G) is an n-dimensional
almost-crystallographic group, then its translation subgroup N :=T'N G is a uniform lattice
of G and is of finite index in I". Moreover, N is the unique maximal nilpotent normal
subgroup of T', and is therefore characteristic in I". The quotient group F' :=I'/N is a finite
group called the holonomy group of T'. In fact FF = {A € Aut(G) | Ja € G : (a,A) € T'}.
If T is crystallographic (G = R™), we may assume that N = Z" and F' is a subgroup of
GL,(Z).

The generalised second Bieberbach theorem tells us more about automorphisms of al-
most-crystallographic groups.

Theorem 3.1 (generalised second Bieberbach theorem). Let ¢ : T' — T be an automorphism
of an almost-crystallographic group T' C Aff(G) with holonomy group F. Then there exists
a (d, D) € Aff(Q) such that ¢(v) = (d,D)o~vyo(d, D)~ for ally € . To shorten notation,
we will write p = &q,p)-

An automorphism ® : G — G of a Lie group G induces an automorphism ®, : g — g
of the associated Lie algebra g. We will henceforth always denote an induced automorph-
isms on a Lie algebra with a star (x) subscript, for example A, is the Lie algebra auto-
morphism induced by some A € F where F C Aut(G) is the holonomy group of an
almost-crystallographic group. In particular, an automorphism ¢ = & py of an almost-
crystallographic group has an associated matrix D,.

The generalised third Bieberbach theorem is less straightforward to generalise. Unlike
for crystallographic groups, it is not true that there are only finitely many n-dimensional
almost-crystallographic groups for a given dimension n. However, we can state that for a
given finitely generated torsion-free nilpotent group N, there are (up to isomorphism) only
finitely many almost-crystallographic groups I' such that the translation subgroup of I' is
isomorphic to N.

In Dekimpe (1996, Section 2.5, this generalisation is proved using the concept of an
isolator, which shall prove useful to us as well.

Definition 3.2. Let G be a group with subgroup H. The isolator of H in G is defined as
VH :={ge G| g¢" e H for some k > 1}.

Although much can be said about isolators, for the purposes of this paper we only care
about a very specific result.

Lemma 3.3 (see Dekimpe 1996, Lemma 2.4.2). Let ' be an almost-crystallographic group
with translation subgroup N of nilpotency class ¢. Then the isolator \/v.(N) < Z(N)
is a characteristic subgroup of T'. Moreover, the quotient group T'/ Y/~v.(N) is an almost-
crystallographic group whose translation subgroup N/ N/~v.(N) has nilpotency class ¢ —1. If
c =2, then this quotient is a crystallographic group.

We will now give the most important results for Reidemeister theory applied to almost-
crystallographic groups. A first result allows us to easily determine whether an almost-
crystallographic group admits the R.,-property or not.



Theorem 3.4 (see Dekimpe and Penninckx 2011, Corollary 3.10). LetI' be an n-dimension-
al almost-crystallographic group with holonomy group F C Aut(G) and ¢ = 4 py € Aut(T')
(where we use the notation of theorem . Then

R(p) = o0
<= JA € F such that det(1,, — A.D,) =0
<= JA € F such that A, D, has eigenvalue 1.

The second result only holds for almost-Bieberbach groups, and allows for an easy com-
putation of the Reidemeister number of an automorphism.

Theorem 3.5 (averaging formula, see Ha et al.[2012, Theorem 6.11 and Lee and Lee [2009,
Theorem 4.3). Let T' be an n-dimensional almost-Bieberbach group with holonomy group
F C Aut(G), and ¢ = §4,py € Aut(I') with R(p) < co. Then

1
R(p) = —= |det(1,, — A D.)|.
e

In general, this formula does not hold for automorphisms of almost-crystallographic
groups, examples can be found in Dekimpe et al. [2019al and later in this paper. Therefore,
the calculation of the Reidemeister spectra usually requires a deeper understanding of how
the Reidemeister classes are formed in a specific group.

4 The R, -property for 4-dimensional almost-crystallo-
graphic groups

Every almost-crystallographic group of dimension 1 or 2 is crystallographic. In Dekimpe
and Penninckx [2011] it was determined which 3-dimensional almost-crystallographic groups
admit the R..-property. We extend these results to dimension 4. In this case the translation
subgroup N is a finitely generated, torsion-free, nilpotent group of rank 4 and nilpotency
class at most 3. Nilpotency class 1 is of course the crystallographic case, which was done in
Dekimpe et al. |2019al

4.1 Nilpotency class 2

Let T' be an almost-crystallographic group whose translation subgroup N is a nilpotent
group of rank 4 and nilpotency class 2. In Dekimpe [1996|it was shown that N can be given
the following presentation:

<€17 €2,€3,€4

Moreover, let G be the Lie group that I' is modelled on. By Dekimpe 1995 Theorem 4.1,
there exists a faithful affine representation A : G x Aut(G) — Aff(R?) such that its restriction




to I' is again a faithful affine representation. In particular,

10001 1o -4 -2 o
01000 01 0 0 1
AMer)=10 0 1 0 0f, Mez)=]0 0 1 0 o0f,
00010 00 0 1 0
0000 1 00 0 0 1
1 Lo -k o 1 2L oo
01 0 0 0 01 0 00
Mes)=]0 0 1 0 1], Mes)=1]0 0 1 0 0],
000 1 0 00 0 1 1
000 0 1 00 0 01

where the values of [, I and I3 are determined by the relations [e3, es] = elll, [eq, €3] = elf
and [e4, e3] = €42,

Lemma tells us that the subgroup (e1) = X/72(IV) is characteristic and the quotient
I" :=T/(ey) is a 3-dimensional crystallographic group. Using corollary we know that
if IV has the R..-property, then so does I'. In Dekimpe [1996; Dekimpe and Eick 2002| the
almost-crystallographic groups were classified into families based on which crystallographic
group I is. Since only twelve 3-dimensional crystallographic groups do not have the R.-
property, we need only consider the corresponding twelve families of 4-dimensional almost-
crystallographic groups.

Each of these families can be split in smaller subfamilies, determined by the action of
F on X/v(N): every A € F acts on e; by de; = e{* with e4 € {~1,1}. The following
proposition quickly deals with the subfamilies where F' does not act trivially on {/~2(N).

Proposition 4.1. Let T" be an almost-crystallographic group with translation subgroup N of
rank 4 and nilpotency class 2, and holonomy group F. If F acts non-trivially on X/v2(N),
then T' has the R, -property.

Proof. Let A € F arbitrary and ¢ = §4,py € Aut(I'). Since A acts on (e1) = {/72(N) by
Aep = e with e4 € {—1,1} and p(e1) = e} with v € {~1,1}, A, and D, must have the
following forms:

€4k k% vVoo¥x % x
0 * * = 0 * * x*
A, = 0 *x x x|’ D, = 0 * % =
0 * * x 0 * *x =
Thus, 14 — A, D, is of the form
1—veq * x x
0 * ok ok
1y - AD. = 0 * k%
0 * k%

Now let us look at specific A € F. First, let A be the neutral element of F', which necessarily
acts trivially on e;. The above matrix then has upper left entry 1—v, hence det(14—D,) # 0
if and only if v = —1.

Second, let A be an element of F' for which ¢4 = —1. Such element exists since we
assumed F' acts non-trivially on Y/742(V). Then the matrix 1, — A, D, has upper left entry
1+ v, and det(14 — A.D,) # 0 if and only if v = 1.



Family )
69000
1,2 00100
00010
00001
00900
3,4 01000
00010
00001
10000
01000
) 01100
00010
00001
45908
143 01000
00100
00001
1 -2 kot 2ks —kotks 00
0 1 0 00
146 0 -1 1 00
0 -1 0 10
0 0 0 01

Table 1: Conjugacy matrices between representations

As v cannot be —1 and 1 at the same time, we always have some A € F for which
det(14 — A.D,) = 0, and by theorem this means that R(p) = co. Since this holds for
any automorphism, I" has the R.,-property. O

From the proof of the theorem above, we can also conclude the following;:

Proposition 4.2. Let I' be an almost-crystallographic group with translation subgroup N
of rank 4 and nilpotency class 2, and let e1 be a generator of Y/v2(N). If ¢ € Aut(I') has
finite Reidemeister number, then @(e1) = ey .

We will number the twelve families under consideration according to the crystallographic
group I'/ {/72(N), using the classification in the International Tables in Crystallography
Aroyo [2016: they are families 1-5, 16, 19, 22-24, 143 and 146. When we write I, /,,, we
mean the n-dimensional crystallographic group with IT-number m.

Using the techniques in Dekimpe [1996} Section 5.4, we find that for an almost-crystallo-
graphic group belonging to one of the families 16, 19 or 22-24, F' acting trivially on Y/v2(N)
implies that the group is actually crystallographic. Therefore we may omit these families
and we are left with only 7 families to study.

Note that the presentations given in this paper may vary from those in Dekimpe [1996;
Dekimpe and Eick [2002l Let I" and A\ denote a group and its faithful representation as given
in this paper, and let I and p be the corresponding group and representation as given by
Dekimpe [1996| or Dekimpe and Eick 2002 Table [I] contains a matrix ¢ such that

hence A(T') and pu(I”) are conjugate subgroups of Aff(R*) and therefore I' and I are iso-
morphic.

Family 1. This family consists of the finitely generated, torsion-free, nilpotent groups of
nilpotency class 2 and rank 4. It was shown in Dekimpe et al.|[2019b| Section 3.2 that these
groups do not have the R.-property.



Family 2. Every group in this family has a presentation of the form

[ea,e1] =1 ael = e
[es,e1] =1 ey =eMeyla
o e o er les, e1] = 1 oes = e]fsegla
1B T8 5 [es, ea] = e ey =evela /0
[e4, 0] = e o = e
[e4, €3] = €F

and the faithful representation X is given by

1 ks ks ke %
0 -1 0 0 0
Ma)=10 0 -1 0 0
0 0 0 -1 0
0o 0 0 0 1

Set k := ged(ky, ke, k3) and g := 653/ke;kz/keil/k, then the centre Z(N) of the translation
subgroup is generated by e; and g. Let ¢ : I' — I' be any automorphism. Since (e;) and
Z(N) are both characteristic in I', we have that ¢(g) = g€} for some ¢ € {—1,1} and
m € Z. Consider the induced automorphism ¢" = g py on I'/(e1) = T'3/5. Then

©'(gler)) = D'(gler)) = w(g)(e1) = g*(er).

Depending on the value of €, D) has either eigenvalue 1, in which case det(13 — D) = 0,
or eigenvalue —1, in which case det(l3 + D)) = 0. Since the holonomy group of I's/; is
{13,—13}, we obtain by theorem that R(¢') = oo and by lemma that therefore
R(yp) = co. Since this holds for an arbitrary automorphism, I' has the R..-property.

Families 3, 4 and 5. Every group in one of these families has a presentation of the form

<€15 €2,€3,€64,«

1 ae; = eja
1 aey = esq

ee] =1 aey=ef2e;vesa >
1 )
1
e

aey = 6If egla

ey, €2] = . a? = elel
eq,e3] = ey’
and the faithful representation A is given b
1 0 ke ks %
01 —v 0 %
Ma)=10 0 -1 0 0
00 0 -1 0
0 0 O 0 1

Family 3 is given by p,v = 0, family 4 by p = 1,v = 0 and family 5 by ¢ = 0, = 1. Define
an automorphism ¢ = §4,p) by

pler) =€,

plea) =3,

pleg) = ehr=h2=ka ol 2
pleq) = e 2 epeded,
pla) = er ey a,



then D, is of the form

-1 * *x *
0 -1 % =%
D. = 0 0O 1 2
0 0o 2 3
We can apply theorem [3.4] to show that R(¢) < oo and hence I' does not have the R..-

property.

Families 143 and 146. Every group in one of these families has a presentation of the

form
[ea,e1] =1 ae) = e
[es,e1] =1 aey = esq
[eg,e1] =1 oes = e’fze4a
€1,€2,€3,64,C [es,ea] =1 aey = e’f%&e?e;la ’
[eg,e2] =1 ad = e’f“
[es, €3] = e]fl
and the faithful representation A is given by
10 ky —%+k %
01 0 1 0
Ma)=|0 0 0 -1 0
0 0 1 -1 0
00 O 0 1

Family 143 is given by g = 0 and family 146 by p = 1. Using an argument identical to the
proof of Dekimpe and Penninckx [2011, Theorem 4.4, family 13, we may conclude that all
groups in these families have the R..-property.

4.2 Nilpotency class 3

By an argument analogous to Gongalves and Wong 2009, Example 5.2, a finitely-generated,
torsion-free, nilpotent group of nilpotency class 3 and rank 4 has the R..-property. Apply-
ing corollary [2:2] then proves that every 4-dimensional almost-crystallographic group with
translation subgroup of nilpotency class 3 has the R.,-property.

5 The Reidemeister spectra of the 3-dimensional al-
most-crystallographic groups

Let ' be an almost-crystallographic group whose translation subgroup NN is a nilpotent
group of rank 3 and nilpotency class 2. Such N can be given the following presentation:

es, el =1 les, e = el
<61,€2,63‘ {62 eﬂ:l [es, €] 1 >’

with {; > 0. Moreover, let G be the Lie group that I' is modelled on. By Dekimpe 1995
Theorem 4.1, there exists a faithful affine representation A : G x Aut(G) — Aff(R?) such
that its restriction to I' is again a faithful affine representation. In particular,

100 1 10 -2 0 1 400
lo 10 0 o1 0 1 o1 0 o0
Me =10 0 1 of> M2=1¢ 0 1 of Ms)=]g ¢ 1 1|
000 1 00 0 1 00 01



where the value of [; is determined by the relation [e3,es] = elf. Like in section we
have that the subgroup (e1) = X/72(IV) is characteristic in I', and an automorphism ¢ must
satisfy ¢(e;) = e] ' to have finite Reidemeister number.

As mentioned before, in Dekimpe and Penninckx [2011, Theorem 4.4 it was shown that
there are only 2 families of almost-crystallographic groups that do not admit the R..-
property. We again number these families according to the IT-number of the quotient

L'/ X/72(N).

Family 1. The groups in this family are exactly the finitely generated, torsion-free, nil-
potent groups of nilpotency class 2 and rank 3. In Roman’kov [2011], Section 3 it was shown
that these groups have Reidemeister spectrum 2N U {oo}. This was shown specifically for
the case k1 = 1, but the argument holds for any k; > 0.

Family 2. Every group in this family has a presentation of the form

[ea,e1] =1 oel = el

[es,e1] =1 ey =e2ela
€1,€2,€3, _
e e3,e0) = € aes = efezla /7

a? = elf“
and the faithful representation A is given by
1 ko ks %
0 -1 0 O
A=1g o0 -1 0
0o 0 o0 1

Let ¢ be an automorphism with finite Reidemeister number R(¢). Under the representation
A, this automorphism will correspond to a matrix 6 € Aff(R*) such that

Ap(7)) = (7)1

for all v € T. Since we assumed that R(¢) < oo, we have that ¢(e;) = e; . Moreover, ¢
induces an automorphism ¢’ on IV :=T'/{e;). Thus, é must be of the form

-1 n1 ng 0
5= 0 m; Mms d1/2
o 0 mo Mgy d2/2 ’
0 0 0 1
where the constants m;, d; are integers, mimy4 — mams = —1 and n;,ny € R. Using a

computer, one can calculate the (unique) values of n1,n9 and I, I3, 5 such that
6)\(62)6 - )\( ) eg)ml)\(egg) N

S (e3)d07 1 = Xer)2A(e2)™ Aez)™,

SM@)d ™ = Aen)* Ae2) ™ Aes) 2 A().

From the obtained values of I, I5 and I3, we get

pler) = e,

oles) = 17(m1m2+m1d2 —mady)— "2 (m1+1)— 42&’”’2631165”27
90(@3) B (mama+mada—madi)— 2 ms— "3 (ma+1) ;nsegm’
(p(Oé) 1d1d2*4d1**d2 k4 glegza



where all exponents must be integers. This places four conditions on the m; and d;:
(a) k1(mima + mide — mady) — ka(mq + 1) — ksma =0 mod 2,
(b) ki(msmyg + mgdy — mydy) — kams — ks(mg+1) =0 mod 2,
(¢) kidida — kody — ksda =0 mod 2,

(d) mimy — mams = —1.

For ease of notation, let us set

M= (ml mS) € GLy(Z), d:= (Zl> €72
2

ma My

We will determine R((p) in a very similar way to the proof of Dekimpe et al.|2019a, Propos-
ition 5.11. Let [z], be a Reidemeister class of I', then for any k € Z,
= (e; Jzeoler ),

therefore  ~, ze?® for all k € Z. Consider the quotient group I = T'/(e;) and let
¢" = &ay2,m) be the induced automorphism on this quotient. Since we assumed that
R(p) < oo, we have that R(¢’) < oo as well. Dekimpe et al. 2019al, Proposition 5.10 tells
us that R(¢') = [ tr(M)| + O(1y — M, d) with

O(A,a) == #{z €73 | Az =a},

where the bar-notation denotes the element-wise projection to Zs. A Reidemeister class
[x(e1)],r of I will lift to at most 2 Reidemeister classes of I': [z], and [xe1],; so the number
of lifts is either 2 (when x %, xe;) or 1 (when & ~, xze;). The latter happens if and only if

Jz €T : ey = zwp(2) L. (1)
Projecting this to the quotient I, we have
Iz el :zle)) = zaxp(z) Hep). (2)

Since e is central in I and x appears exactly once on each side of the equality sign in ,
the e;-component of x does not matter. Set x = e3?e5a and z = ej'e5?ei*a=. Let us

first assume that ¢, = 0, then is equivalent to

dz0,23 €7 : (12 — AM) (§2> =0,
3

with A the holonomy part of z(e1). As R(¢') < oo, we must have zo = z3 = 0. But then
z = ef', and then becomes ze; = xele. As z; is an integer, this is impossible. So,
let us assume that e, = 1. Writing out component-wise, we find that this condition is
equivalent to the following:

There exist z1, 29, 23 € Z such that:

® 2(22) = (2= i (2) - v

€T3 <3

(11) k12923 — kozo — k3zz — ks +1 = 221.

10



Condition (i) is independent of the e;-components, and hence can be interpreted in terms of
the quotient group I". In the proof of Dekimpe et al.|2019al, Proposition 5.11 it was shown
that, for a fixed value of €, the number of Reidemeister classes [z(e1)],s for which a pair
(22, 23) satisfying (i) exists is exactly O(15 — M, d), i.e. the number of solutions (s, z3) € Z2
of the linear system of equations

Note that the above equation is exactly condition (i) taken modulo 2.

Since €, can take two values (1 and —1), there are in total 20(1y — M, d) Reidemeister
classes [z(e1)], satisfying condition (i). On the other hand, there are | tr(M)|—O(12—M, d)
Reidemeister classes of I for which condition (i) does not hold (see Dekimpe et al. |2019a,
Section 5).

Recall that the variable z; appears only in condition (ii). If we have a Reidemeister class
[z(e1)], and a pair (29, z3) for which (i) holds, then we can find a z; € Z to make condition
(ii) hold if and only if

(ii’) Elzgzg — ]21252 — /21323 — ]2'4 +1= 6,

which is exactly condition (ii) taken modulo 2.

We partition the solutions of (i’) into those that do not satisfy condition (ii’) and those
that do. Let S be the number of the former and T the number of the latter, then S+ 7T =
O(12—M,d). Of the 20(1,— M, d) Reidemeister classes [z(e1)], satisfying condition (i), 25
lift to two distinct Reidemeister classes [z], and [ze1],, and 27 lift to a single Reidemeister
class [z],. All together, we have

R(p) =2(|tr(M)| - S —T)+2(25) + 2T
tr

(Itr(M)[ +5).

In particular, we get that R(¢) € 2N. Taking the parity of tr(M) into account, we can
further determine the possible Reidemeister numbers:

2
2

AN 425 if tr(M)=0 (mod 2),
R(p) € . _
AN+2S5 -2 if tr(M)=1 (mod 2),

where
S <Oy~ M,d) < {4 if tr(a1) = (1) (mod 2)

1 if tr(M)=1 (mod 2).

There is one special case, however. If M = 15 mod 2 all entries of 15 — M will be multiples
of 2; so |det(ly — M)| = | tr(M)| € 4N and therefore R(p) € 8N + 25.

For a fixed group I' in this family (i.e. a fixed 4-tuple of parameters (k1, ks, k3, k4)),
an automorphism ¢ € Aut(I") is uniquely determined by the matrix M € GL3(Z) and the
vector d € Z2. Our goal is to find out, for each group in the family (or equivalently, for
each tuple (k1, ko, k3, k4)), which M and d satisfy conditions (a) - (d) and thus produce an
automorphism.

Conditions (a) - (¢) are actually conditions over Zs, and none of the parameters k; appear
in condition (d). Therefore, only the parity of the k; will play a role, so we need to check
16 cases, each corresponding to an element of Z3. Furthermore, a group with parameters
(K1, k2, ks, k4) is isomorphic to the group with parameters (—kq, ks, ko, k4), which allows
us to omit the cases (0,1,0,0), (0,1,0,1), (1,1,0,0) and (1,1,0,1), leaving only 12 cases.

11



Rather than trying to find all couples (M, d) (of which there are likely to be infinitely many),
we can start by finding all couples (M, d) € GLa(Z2) x Z32 satisfying conditions (a)-(c).

The function MAKELIST defined in algorithm [1| does exactly this. Moreover, it assigns
to every couple a set R, which is the set of possible Reidemeister numbers the corresponding
automorphisms can have. The results can be found in tables 2] to [[3] The Reidemeister
spectrum of a group is a subset of (or the entirety of) the union of all these sets R.

Next, for each quadruplet of parameters, we tried to find a family of automorphisms
whose Reidemeister numbers produce the union of these sets R. We succeeded in this for
every choice of parameters, hence the Reidemeister spectrum always equals the union of
the R. These automorphisms and their Reidemeister spectra, for all (kq, ko, k3, k4), can be
found in table For the sake of brevity, we omitted oo from the spectra in this table.

We may thus conclude that, depending on the parity of the parameters k1, ko, k3 and kg,
the Reidemeister spectrum is 2NU {oco}, 4NU {oo}, (4N —2)U{oc} or (2N+2)U{c0}. Note
that all almost-Bieberbach groups have parameters with parities (0,0,0,1) and therefore
have spectrum 2N U {oc}.

Algorithm 1 MAKELIST function
1: function N[AKELIST(]ﬁ7 ko, k3, ]414)

2 Autlist := @

3 for M € GLa(Zs), d € 72 do

4: if conditions (1), (2), (3) are met then
5: S:=0
6
7
8
9

for z € Z3 do
if z satisfies (i") but not (ii’) then

S:=5+1

: end if
10: end for
11: if tr(M) =0 mod 2 then
12: if M =15 mod 2 then
13: R =8N +2§
14: else
15: R :=4N+2S§
16: end if
17: else
18: R:=4N+25 -2
19: end if
20: AutList := AutList U {(M,d, R)}
21: end if
22: end for
23: return AutList

24: end function

6 Spectra of 4D almost-Bieberbach groups

We already determined in section [4] which families of four-dimensional almost-crystallo-
graphic groups do not have the R, ,-property. In Dekimpe [1996 it is determined which
groups among these families are almost-Bieberbach groups. We use the presentations from
section [

12



Family 1. Every group in this family is a finitely generated, torsion-free, nilpotent group
of rank 4 and nilpotency class 2. In Dekimpe et al. 2019b, Section 3.2 it was shown that
the Reidemeister spectrum of such group is always 4N U {co}.

Family 3. The almost-Bieberbach groups in this family are those with (ki, ko, k3, ks4) =
(2k,0,0,1) for some k € N. An automorphism ¢ = &4 p) with R(yp) < oo must be of the
form

pler) =€,
ple2) = erey
50(63) _ e’f(mlmz-l‘mld’z—mzdl)egnle;ng7
80(64) _ elf(mgm4+m3d2—m4d1)egn3erZM,
pla) = ey e,
with mq, ms, ms, my, di, ds, | € Z and mimy4 — maomz = —1. Then D, is of the form
-1 * *

0
0 0 mi; ms
0 0 mo My

Using theorem we find that R(¢) = 4|m; + my| € 4N. Now, take the automorphism
©m given by
@m(el) =€, @m(ell) = elfme?)ezn,

@m(eQ) =€y @m(a) = 61_1017

with m € N. Then R(¢.,) = 4m and hence Specy(T') = 4N U {oo}.

Family 4. The almost-Bieberbach groups in this family are those where either (ki, k2, ks,
k4) = (k,0,0,0) with & € N or (k1, ko, k3, k4) = (2k,1,0,0) with k£ € N. In the former case,
such almost-Bieberbach group can be seen as an internal semidirect product Hy x Z, where
Hy = {(e1,e3,e4) and Z = (). Similarly, in the latter case, a group is an internal semidirect
product Hoy % Z.

Both of these semidirect products were studied in Dekimpe et al. |2019b, Proposition
5.23, their Reidemeister spectra are respectively 4N U {oo} and 8N U {co}.

Family 5. The almost-Bieberbach groups in this family are those where (k1, k2, ks, ks) =
(k,0,0,1) with k € N. An automorphism ¢ = &4 py with R(y¢) < co must be of the form

—1 k(2m1m2+2m1d272m2d17m27d2)72l
1

=e5 € ,

my1 _—142my _mo I
€3

= €2 €4 7€,
ms 2ms 14+2my k(2msma+msde+ms—2madi; —dy
plea) = ex%ez ey ey )»
o(a) = eglegdlegze’fdldrla,
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with mq, mao, ms, ma, di, ds, I € Z and mq — my4 + 2mymy4 — momsz = 0. Then D, is of the
form

-1 % * *

0 -1 * *
D. = 0 0 —-1+2m 2ms

0 0 mo 1+ 2my

Using theorem [3.5] we find that R(¢) = 8|my +my| € 8NU{oo}. Now, take the automorph-
ism ¢, given by
=€, me(e4) = ellcmegl€§7ne4a

kE(2m—1) —1 -1
e1 62 ’ (pm(Oé) = 61 a,

= €5 63 €4,

7 Conclusion

We have determined which (non-crystallographic) almost-crystallographic groups of di-
mension 4 admit the R, property, and calculated the Reidemeister spectra of the non-
crystallographic 3-dimensional almost-crystallographic groups, as well as the spectra of the
non-crystallographic 4-dimensional almost-Bieberbach groups. Together with the results
of Dekimpe et al. [2019a), this completes the calculation of the Reidemeister spectra of the
3-dimensional almost-crystallographic groups and of the 4-dimensional almost-Bieberbach
groups.
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and useful suggestions for the paper.
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Table 3: MAKELIST(0,0,0, 1)
)
)
)
)
Table 4: MAKELIST(0,0,1,0)
d
0)
0)
0)
0)
Table 5: MAKELIST(0,0,1,1)
d
0
0
1
1
0
0
1
1

Table 6: MAKEL1sT(0, 1, 1,0)
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Table 11: MakeLisT(1,0,1,1)
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Table 14: Automorphisms and Reidemeister spectra and for all (kq, k2, k3, k4)
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