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Abstract. We extend the notions of “R∞-property” and “full (extended)
Reidemeister spectrum” to finite groups in a meaningful way. We provide
examples of finite groups admitting these properties, if they exist, by looking
at groups of small order as well as (quasi)simple groups.
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1. Introduction

Let G be a group and let ϕ : G → G be an endomorphism. Two elements
g1, g2 of G are said to be ϕ-twisted conjugate if there exists some h ∈ G such that
g1 = hg2ϕ(h)−1. This creates an equivalence relation, the classes of which are called
ϕ-twisted conjugacy classes or Reidemeister classes; the Reidemeister class of g ∈ G
is denoted by [g]ϕ. We write R(ϕ) for the set of all ϕ-twisted conjugacy classes.
The cardinality of this set is called the Reidemeister number and is denoted by
R(ϕ).

If ϕ = idG, then ϕ-twisted conjugation is just ordinary conjugation. In that case,
we will denote the conjugacy class of g ∈ G by [g], the set of all conjugacy classes
of G by C(G) and the number of conjugacy classes by k(G), also known as the class
number of G.

A common objective in the study of twisted conjugacy is to determine the Rei-
demeister spectrum SpecR(G) of a group G, i.e. the set of all possible Reidemeister
numbers of automorphisms of G. Two extreme cases can be discerned. The first
case is that all Reidemeister numbers of automorphisms are infinite. In that case,
we say G has the R∞-property, a term coined by Taback and Wong in [19]. The
second case is that every positive integer, as well as infinity, appears as the Reide-
meister number of some automorphism of the group. In that case we say G has full
Reidemeister spectrum. One can also consider the set of Reidemeister numbers of
all endomorphisms rather than just automorphisms, which is called the extended
Reidemeister spectrum ESpecR(G). Similar extreme cases can be studied here, i.e.
when this spectrum is either {1,∞} or N ∪ {∞}.

As the presence of infinity in these definitions suggests, the study of twisted
conjugacy on groups has been strongly focused on infinite groups — none of the
extreme cases can happen for a finite group. While the first results for twisted
conjugacy on finite groups, by Fel’shtyn and Hill, date back to the 90’s [5], it
wasn’t until very recently that finite groups appeared as the central object of study,
particularly in the work of Senden [16–18].

In the present manuscript, we define notions for the extreme cases for SpecR(G)
and ESpecR(G) if G is finite. With the help of GAP [22] and the SmallGrp [2],
SmallClassNr [20] and TwistedConjugacy [21] packages, we provide some preliminary
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results, and finally we propose some questions that would further the study of
Reidemeister spectra of finite groups.

2. Preliminaries

Definition 2.1. An endomorphism ϕ of a group G is called fixed-point-free if it
does not preserve any non-trivial element of G, i.e. ϕ(g) ̸= g for all g ̸= 1.

The stabiliser of the ϕ-twisted conjugacy action of a group G on the identity 1
is exactly Fix(ϕ), the set of elements of g for which ϕ(g) = g. If G is finite, we can
apply the orbit-stabiliser theorem to find

#[1]ϕ ·#Fix(ϕ) = #G,

which leads to the following nice result.

Proposition 2.2. Let G be a finite group and let ϕ ∈ End(G). Then
ϕ is fixed-point-free ⇐⇒ R(ϕ) = 1.

Definition 2.3. An endomorphism ϕ of a group G is called class-preserving if it
preserves the conjugacy classes of G, i.e. [ϕ(g)] = [g] for all g ∈ G.

A class-preserving endomorphism ϕ must be injective. Therefore, if G is finite, ϕ
will actually be an automorphism. The set of class-preserving automorphisms of a
group G is denoted by Autc(G) and forms a normal subgroup of Aut(G) containing
Inn(G); the quotient Autc(G)/ Inn(G) is denoted by Outc(G).

An endomorphism ϕ of a group G induces a self-map Φ on the set C(G) of
conjugacy classes of G, given by

Φ: C(G) → C(G) : [g] 7→ [ϕ(g)].
The connection between this Φ and the Reidemeister number R(ϕ) was established
by Fel’shtyn and Hill in [5, Thm. 5].

Theorem 2.4. Let G be a finite group, let ϕ ∈ End(G) and let Φ be the self-map
on C(G) induced by ϕ. Then

R(ϕ) = #Fix(Φ).

We thus obtain a natural boundary on Reidemeister number for finite groups.

Corollary 2.5. Let G be a finite group with class number k(G) and let ϕ ∈ End(G).
Then

R(ϕ) ≤ k(G),
with equality holding if and only if ϕ is class-preserving.

Another consequence of Theorem 2.4 is that Reidemeister numbers of odd order
groups must be odd, a result that was also obtained in [17, Prop. 8.2.3].

Corollary 2.6. Let G be a finite group of odd order, and let ϕ ∈ End(G). Then
R(ϕ) is odd.

Proof. Let g ∈ G be non-trivial. Then g must have odd order and hence g ̸= g−1.
Now suppose, by contradiction, that [g] = [g−1]. Due to the orbit-stabiliser theorem,
[g] contains an odd number of elements. But for any h ∈ [g] we must have that
h−1 ∈ [g−1] = [g], and therefore [g] contains an even number of elements. Thus, [g]
and [g−1] are distinct conjugacy classes.

If ϕ ∈ End(G), then [ϕ(g)] = [g] if and only if [ϕ(g−1)] = [g−1]. So ϕ fixes
the conjugacy class [1], as well as a certain number of pairs of conjugacy classes
[g], [g−1], and therefore R(ϕ) is odd. □
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The following result can be extracted from [6, Sec. 4.2].

Proposition 2.7. Let G be a group and ϕ an endomorphism of G. Then the set

Nϕ :=
⋃
n∈N

ker(ϕn) = {g ∈ G | ∃n ∈ N : ϕn(g) = 1}

is a ϕ-invariant normal subgroup of G. Moreover, if ϕ̄ denotes the induced endo-
morphism on G/Nϕ, then ϕ̄ is injective and R(ϕ) = R(ϕ̄).

We remark that if G is finite in the above proposition, then ϕ̄ is an automorphism.

3. Trivial Reidemeister spectrum

A group G is said to have the R∞-property if SpecR(G) = {∞}, which obviously
can never happen for a finite group. For automorphisms of infinite groups, infinity is
a natural upper bound for Reidemeister numbers, and for many groups this bound
is attained by the identity automorphism.

For a finite group G, Corollary 2.5 shows us that the class number k(G) fulfils the
role of natural upper bound, and again it is attained by the identity automorphism.
This lets us define an analogue to the R∞-property for finite groups.

Definition 3.1. A finite group G is said to have trivial Reidemeister spectrum if
SpecR(G) = {k(G)}.

We can quickly come up with the following characterisation for finite groups with
trivial Reidemeister spectrum.

Proposition 3.2. A finite group G has trivial Reidemeister spectrum if and only
if every automorphism of G is class-preserving.

In [11], Mann asked the following question: “Do all p-groups have automorphisms
that are not class-preserving? If the answer is no, which are the groups that have
only class-preserving automorphisms?” When this question was asked, there were
already examples in the literature showing that the first part has a negative answer,
e.g. [8, 10]. The second part of this question, when applied to all finite groups and
not just p-groups, can be reformulated as follows.

Question 3.3. Which finite groups have trivial Reidemeister spectrum?

The easiest examples are groups with trivial outer automorphism group, e.g. the
symmetric groups Sn (n ̸= 6) and the holomorphs A⋊Aut(A) with A abelian of odd
order [12, §1]. A theorem of Wielandt [25, Satz (45)] says that for any centreless
group G, if we define the sequence G1 := G, Gi+1 := Aut(Gi), then this sequence
eventually becomes constant at some Gn. This Gn is then a complete group, i.e.
Z(Gn) = 1 and Out(Gn) = 1, and hence has trivial Reidemeister spectrum.

For finite abelian groups, the Reidemeister spectra were completely determined
by Senden in [18]; the only non-trivial abelian group with trivial Reidemeister
spectrum is Z2. A result of Gaschütz [7] says that non-abelian p-groups have non-
trivial outer automorphism group. Thus, the only way for a p-group G to have
trivial Reidemeister spectrum, is if Inn(G) ⊊ Autc(G) = Aut(G). We list some
examples of such p-groups, where [n,k] denotes the ID of the group in the SmallGrp
library. In particular, n is the order of the group.

• [128,932], a 2-group of class 4, found in [13, Sec. 4.3].
• For all p ≥ 3, there exists such p-group of class 3 and order p6. The groups
of order 36 are [729,224], [729,232] and [729,234] and were obtained
in [13, Sec. 4.3]; for p ≥ 5 this result was obtained in [10].

• For all p ≥ 3 and n ∈ N, there exists such p-group of class 2 and order
p6n+3 if p > 3, or order p6n+9 if p = 3 [8].
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The list of all finite groups of order < 512 with trivial Reidemeister spectrum can
be found in Table 1.

Table 1. Groups of order < 512 with trivial Reidemeister spectrum

SmallGrp ID Structure #Out(G) k(G)
[ 1, 1 ] 1 1 1
[ 2, 1 ] Z2 1 2
[ 6, 1 ] S3 ∼= Hol(Z3) 1 3
[ 20, 3 ] Hol(Z5) 1 5
[ 24, 12 ] S4 1 5
[ 42, 1 ] Hol(Z7) 1 7
[ 54, 6 ] Hol(Z9) 1 10
[ 110, 1 ] Hol(Z11) 1 11
[ 120, 34 ] S5 1 7
[ 120, 36 ] Hol(Z15) 1 15
[ 128, 932 ] 4 17
[ 144, 182 ] 1 9
[ 144, 183 ] S3 × S4 1 15
[ 156, 7 ] Hol(Z13) 1 13
[ 168, 43 ] 1 8
[ 216, 90 ] 1 19
[ 252, 26 ] Hol(Z21) 1 21
[ 272, 50 ] Hol(Z17) 1 17
[ 320, 1635 ] 1 11
[ 324, 118 ] S3 ×Hol(Z9) 1 30
[ 336, 208 ] 1 9
[ 336, 210 ] 1 16
[ 342, 7 ] Hol(Z19) 1 19
[ 384, 5677 ] 1 16
[ 384, 5678 ] 1 16
[ 384, 5781 ] 4 22
[ 432, 520 ] 1 14
[ 432, 523 ] 1 20
[ 432, 734 ] Hol(Z3 × Z3) 1 11
[ 480, 1189 ] S4 ×Hol(Z5) 1 25
[ 486, 31 ] Hol(Z27) 1 31
[ 486, 132 ] 3 34
[ 500, 18 ] Hol(Z25) 1 26
[ 506, 1 ] Hol(Z23) 1 23

We also determined which finite simple groups have trivial Reidemeister spectrum.
The Feit-Seitz theorem [4, Thm. C] says that Outc(G) = 1 for a simple group G,
hence G has trivial Reidemeister spectrum if and only if Out(G) = 1. The finite
simple groups that satisfy this are listed in Table 2; the data on the class numbers
was taken from [1, 9].

Every group with Autc(G) = Aut(G) mentioned above has Out(G) = 1 (e.g.
simple groups), Z(G) ̸= 1 (e.g. p-groups), or both (e.g. [336,210]). The existence
of a group that does not fit in any of these categories is still an open question.

Question 3.4. Does there exist a finite group G with trivial Reidemeister spectrum,
Out(G) ̸= 1 and Z(G) = 1?

4. Trivial extended Reidemeister spectrum

We can extend the idea of having trivial Reidemeister spectrum to endomorph-
isms, taking into account that every group admits the trivial endomorphism g 7→ 1.
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Table 2. Simple groups G with trivial Out(G)

Class Group G Conditions k(G)
Symplectic groups S2n(2) n > 2 see [24, Thm. 3.7.3]

E7(2) 531
E8(2) 1 156
E8(3) 12 825

Exceptional groups E8(5) 519 071

of Lie type E8(p) p > 5 p8 + p7 + 2p6 + 3p5 + 10p4
+16p3 + 40p2 + 67p+ 112

F4(3) 273
F4(p) p > 3 p4 + 2p3 + 7p2 + 15p+ 31
G2(p) p > 3 p2 + 2p+ 9

Mathieu groups
M11 10
M23 17
M24 26

Janko groups J1 15
J4 62
Co1 101

Conway groups Co2 60
Co3 42

Fisher group Fi23 98
Rudvalis group Ru 36
Lyons group Ly 53

Thompson group Th 48
Baby monster group B 184

Monster group M 194

Definition 4.1. A finite group G is said to have trivial extended Reidemeister
spectrum if

ESpecR(G) = {1, k(G)}.

Again, we immediately obtain a characterisation of the groups admitting this
property.

Proposition 4.2. A finite group G has trivial extended Reidemeister spectrum if
and only if every endomorphism is either class-preserving or fixed-point-free.

Question 4.3. Which finite groups have trivial extended Reidemeister spectrum?

Examples of groups with trivial extended Reidemeister spectrum include the
cyclic groups Zp of prime order (no other examples of order < 512 exist), as well as
each of the non-abelian finite simple groups from Table 2. One may suspect from
this that only simple groups have trivial extended Reidemeister spectrum. The
quasisimple groups, however, demonstrate that this is not the case.

Definition 4.4. A group G is called quasisimple if G is perfect, i.e. G = [G,G],
and G/Z(G) is simple.

We list some properties of a quasisimple group G, obtained from [23, Prop. 3.5].

Proposition 4.5. Let G be a quasisimple group. Then:
(a) A proper normal subgroup of G is contained in Z(G);
(b) The natural homomorphism Aut(G) → Aut(G/Z(G)) is injective;
(c) An endomorphism of G is either trivial or an automorphism.

The next proposition follows almost immediately from these properties.
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Proposition 4.6. Let G be a quasisimple group such that G/Z(G) has trivial outer
automorphism group. Then G has trivial (extended) Reidemeister spectrum.

Such quasisimple groups (that are not simple) exist, e.g. the groups 2.Co1
(k(G) = 167), 2.Ru (k(G) = 61) and 2.B (k(G) = 247). The converse to Proposi-
tion 4.6 is not true: the quasisimple group 2.Sz(8) has trivial outer automorphism
group and Reidemeister spectrum {19}, however, its simple quotient Sz(8) has non-
trivial outer automorphism group and Reidemeister spectrum {5, 11}. All groups
in this paragraph were named using the notation from the ATLAS [1].

Note that there are groups with trivial Reidemeister spectrum but non-trivial
extended Reidemeister spectrum (e.g. Sn, n ̸= 6) and vice versa (e.g. Zp, p ≥ 3).
The former family is expected to have many examples, but groups belonging to the
latter family seem to be exceedingly rare. This raises the next question.

Question 4.7. Let G be a finite group with trivial extended Reidemeister spectrum,
but non-trivial Reidemeister spectrum, i.e. SpecR(G) = ESpecR(G) = {1, k(G)}.
Must G be isomorphic to Zp for some prime p ≥ 3?

5. Full (extended) Reidemeister spectrum

The original definition of full Reidemeister spectrum is the following:

Definition 5.1. A group G has full Reidemeister spectrum if
SpecR(G) = N ∪ {∞}.

Examples of infinite groups with full Reidemeister spectrum include the free
abelian groups of rank ≥ 2 [15, Sec. 3] and the free nilpotent groups of rank ≥ 4
and class 2 [3, Sec. 4]. We extend this definition to finite groups by, once again,
using that k(G) is an upper bound for Reidemeister numbers.

Definition 5.2. A finite group G has full Reidemeister spectrum if
SpecR(G) = {1, . . . , k(G)}.

Infinite groups with full Reidemeister spectrum seem to be rather hard to find.
For finite groups, one doesn’t even need to search (see also [17, Prop. A.2.6]).

Proposition 5.3. A non-trivial finite group G cannot have full Reidemeister spec-
trum.

Proof. Let ϕ ∈ Aut(G), which induces a permutation Φ on C(G). Clearly, a per-
mutation on a set of n elements cannot fix exactly n − 1 elements. This means
that Φ cannot fix exactly k(G) − 1 conjugacy classes, and hence ϕ cannot have
Reidemeister number k(G)− 1. □

We quickly move on to the extended Reidemeister spectrum.

Definition 5.4. A group G has full extended Reidemeister spectrum if
ESpecR(G) = N ∪ {∞}.

Examples include all finitely generated torsion-free nilpotent groups, as shown
in [3, Section 6]. We extend the definition of full extended Reidemeister spectrum
to finite groups in the usual way.

Definition 5.5. A finite group G has full extended Reidemeister spectrum if
ESpecR(G) = {1, . . . , k(G)}.

Again, we wonder which groups admit this property.

Question 5.6. Which finite groups have full extended Reidemeister spectrum?
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We shall start by excluding some families of groups from contention. Inspired by
Proposition 5.3, we start by looking at Reidemeister number k(G)− 1.

Lemma 5.7. Let G be a finite group of order > 2 such that every non-trivial
normal subgroup N of G intersects the centre Z(G) non-trivially. Then k(G)− 1 /∈
ESpecR(G).

Proof. We will work by contradiction. Let ϕ be an endomorphism of G with R(ϕ) =
k(G) − 1. Due to (the proof of) Proposition 5.3, ϕ cannot be an automorphism.
Hence, the subgroupNϕ (as defined in Proposition 2.7) is non-trivial and k(G/Nϕ) ≤
k(G)− 1. Let ϕ̄ be the induced automorphism on G/Nϕ, then we find that

k(G)− 1 = R(ϕ) = R(ϕ̄) ≤ k(G/Nϕ) ≤ k(G)− 1,

so all inequalities are actually equalities and k(G/Nϕ) = k(G) − 1. Only a single
conjugacy class is lost when projecting from G to G/Nϕ, hence Nϕ must be the
union of exactly two conjugacy classes, one of which is the class of the identity. Then
Nϕ is a minimal normal subgroup, and since ker(ϕ) is non-trivial and contained in
Nϕ, these two subgroups are equal. We set N := Nϕ = ker(ϕ).

Pick a non-trivial c ∈ N ∩ Z(G). Since c ∈ Z(G), [c] is a conjugacy class
containing only c; and since c ∈ N = ker(ϕ), we have that [ϕ(c)] = [1]. Combining
the assumption R(ϕ) = k(G)− 1 with Theorem 2.4 tells us that there is precisely
one conjugacy class with [ϕ(g)] ̸= [g]; this conjugacy class must then be [c]. If
g /∈ {1, c}, then [ϕ(g)] = [g] ̸= [1] and hence ϕ(g) ̸= 1. So N = {1, c}.

Suppose that #Z(G) > 2, then some x /∈ {1, c} is contained in Z(G). Since
[ϕ(g)] = [g] for all g ̸= c, we get

[cx] = [ϕ(cx)] = [ϕ(c)ϕ(x)] = [ϕ(x)] = [x].

But x is central, so its conjugacy class contains only x itself, and hence cx = x.
This implies that c = 1, which is false, thus no such x can exist. We conclude that
Z(G) = {1, c} = N .

By the first isomorphism theorem, G/N ∼= im(ϕ). Since #N = 2, im(ϕ) is an
index 2 subgroup of G and is therefore normal. Thus, im(ϕ) intersects Z(G) =
{1, c} non-trivially and hence c ∈ im(ϕ). Let g ∈ G such that ϕ(g) = c, then
g /∈ ker(ϕ) = {1, c} and [ϕ(g)] = [c] ̸= [g], which contradicts what we deduced
earlier. □

This lemma is applicable both to finite nilpotent groups (see [14, 5.2.1.]) and
quasisimple groups (see Proposition 4.5). And, from Corollary 2.6, it follows im-
mediately that non-trivial finite groups of odd order cannot have full extended
Reidemeister spectrum. All in all, we have eliminated the following families of
groups.

Theorem 5.8. Let G be a finite group of order > 2 that is either

• of odd order,
• nilpotent, or,
• quasisimple,

then G cannot have full extended Reidemeister spectrum.

We have searched all groups of order < 1536 and all groups with class number
< 15 for full extended Reidemeister spectra. Five such groups were found, they are
listed in Table 3.
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Table 3. Known finite groups with full extended Reidemeister spectrum
SmallGroup ID Structure k(G)

[ 1, 1] 1 1
[ 2, 1] Z2 2
[ 6, 1] S3 3
[ 12, 3] A4 4
[ 72, 41] M9 6

Given that no groups of order 72 < #G < 1536 or class number 6 < k(G) < 15
have full extended Reidemeister spectrum, we suspect the groups in Table 3 are the
only ones with this property.

Conjecture 5.9. The groups in Table 3 are the only finite groups with full extended
Reidemeister spectrum.
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