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TAMING REIDEMEISTER ZETA FUNCTIONS ON VIRTUALLY
POLYCYCLIC GROUPS

SAM TERTOOY

ABSTRACT. We prove a formula for Reidemeister numbers of virtually polycyc-
lic groups that generalises known formulas for finite groups and torsion-free
virtually polycyclic groups. Based on this formula, we introduce a new invari-
ant which we call the tamed Reidemeister number, and prove that its associated
zeta functions are rational on virtually polycyclic groups. We also show that
this implies rationality of (ordinary) Reidemeister zeta functions, as well as
rationality of Nielsen zeta functions on compact infra-solvmanifolds.

1. INTRODUCTION

For a group G and an endomorphism ¢, two elements g1, g2 are p-twisted con-

jugate if
91 = hgap(h) ™

for some h € G. The equivalence classes are called ¢-twisted conjugacy classes and
the class of g € G is denoted by [g],. The number of p-twisted conjugacy classes is
called the Reidemeister number R(y), and is either a positive integer or infinity. We
write R[¢] for the set of p-twisted conjugacy classes. If R(¢*) is finite for all k € N,
then ¢ is called tame. For a tame endomorphism, we can define the Reidemeister
zeta function R, (z) as

R,(z) == exp Z %zk.
k=1

The interest in Reidemeister zeta functions comes from topological fixed-point the-
ory. If f is a self-map of a closed manifold, then its Nielsen number N(f) carries
certain information on the least number of fixed points in the homotopy class of
f. Unfortunately, this number is notoriously hard to compute. If M is an infra-
solvmanifold and f, is the endomorphism induced on the fundamental group of
M, then N(f) equals the Reidemeister number R(f,) if the latter is finite. The
Reidemeister number is, in general, much easier to compute. Nielsen numbers also
have a corresponding zeta function, defined as

oo k
Ni(z) = expz %zk.
k=1

Unlike the Reidemeister zeta function, this definition does not require the induced
endomorphism f, to be tame, though when it is, both zeta functions coincide.
Dekimpe and Dugardein proved rationality for Nielsen zeta functions of self-maps
on infra-nilmanifolds [3]. Fel’shtyn and Lee extended this to infra-solvmanifolds of
type (R) [10]. Dekimpe, Van den Bussche and the author proved rationality for Re-
idemeister zeta functions of certain crystallographic groups in [4], and more recently,
Dekimpe and Van den Bussche also proved rationality of Nielsen zeta functions for
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compact solvmanifolds of dimension at most 5, for N"R-solvmanifolds, and for solv-
manifolds with fundamental group Z™ x Z [6]. Deré showed that the Reidemeister
zeta function of a tame endomorphism of a virtually polycyclic group always equals
that of a tame endomorphism of a finitely generated, virtually nilpotent group [7]. It
has been conjectured that both Reidemeister zeta functions on virtually polycyclic
groups and Nielsen zeta functions on compact infra-solvmanifolds are rational.

In this paper, we first prove a formula for Reidemeister numbers on (not neces-
sarily torsion-free) virtually polycyclic groups. By replacing Reidemeister numbers
in this formula with determinant products on N'R-subgroups, we construct a new
invariant we call the tamed Reidemeister number R(¢). We show that this new
invariant is well-defined, that it equals the Reidemeister number R(¢) when the
latter is finite, and that it equals the Nielsen number N(f) when f is a self-map
on a compact infra-solvmanifold inducing . We also define a new zeta function
corresponding to this invariant,

- > R(p*
R,(z) = expz (lf )zk,
k=1

and show that this function is always rational. As a consequence, we prove the afore-
mentioned conjectures regarding rationality of Reidemeister zeta functions on virtu-
ally polycyclic groups and of Nielsen zeta functions on compact infra-solvmanifolds.

This paper is structured as follows. In Section 2 we go over the group-theoretic
preliminaries. In Section 3, we prove a formula for Reidemeister numbers on vir-
tually polycyclic groups, which serves as the inspiration for defining the tamed
Reidemeister number in Section 4. In Section 5 we study the determinant averages
needed to prove rationality of tamed Reidemeister zeta functions. This rationality is
then proven in Section 6, after which we briefly discuss applications to Reidemeister
and Nielsen zeta functions. We conclude with some directions for future work in
Section 7.

2. PRELIMINARIES

We start by fixing some terminology and conventions. Regarding the natural
numbers, we adopt the convention N := {1,2,...} and Ny := NU {0}. For a group
G and element g, ¢, denotes the inner automorphism G — G: z + gzg~!. If H is
a subgroup of G, then its isolator is the subset

VH={geG|3IkeN:g*cH}.

We use v;(G) to denote the terms of the lower central series, i.e. 71 (G) = G and
7i+1(G) = [G,v(G)]. If G is finitely generated, torsion-free and nilpotent, its
adapted lower central series is given by G; := §/7;(G). This is a central series with
fully invariant terms and whose factors are free abelian.

Empty products and determinants of 0-dimensional matrices both equal 1. Fi-
nally, following [5, Not. 8.3], we define the next two maps:

|z| ifz#0,

| |oo : Z = NU{o0}: z— )
oo ifzx=0,

and

if
|.]o: ZU{oo} = No: 7 [ if @ # oo,
0 if x = 0.
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2.1. N'R-groups and canonical filtrations.

Definition 2.1. A polycyclic group G is called strongly torsion-free if it fits in a
short exact sequence

1 > N > G > " > 1 (2.1)

where N is a finitely generated, torsion-free, nilpotent group.

These groups are also called strongly torsion-free S-groups in e.g. [5, 17]. The
reason behind this is most likely historical: Hirsch [14] used the name S-groups for
what are now called polycyclic groups. However, we will need a stronger property
than strong torsion-freeness: the N"R-property from [5, Def. 4.1].

Definition 2.2. Let G be a strongly torsion-free polycyclic group, let N := §/[G, G]
andlet N =N; >--- > N, > N.y1 = 1 be a central series of N such that each term
N; is normal in G and each factor N;/N;1 is free abelian. This induces well-defined
actions
Pi: G— Aut(Ni/Ni_H): g— (SL‘NZ’+1 — Lg(.’IJ)Ni+1).

If for every g € G and every 4, the automorphism p;(g) has no non-trivial root of
unity as an eigenvalue, then we say G satisfies the N'R-property. We will call a
strongly torsion-free polycyclic group G with the N"R-property an N"R-group.

As shown in [5, Lem. 4.2], the N"R-property is well-defined since it is independent
of the chosen central series NV;.

Any finitely generated, torsion-free, nilpotent group is an N'R-group. Indeed, if
G=G,>--+->G. > Gey1 =1 is its adapted lower central series, then N = G»
and we can choose N; := G,;;;. Since the entire sequence G > N > Ny > --- >
N._; > N. =1 is a central series, each p;(g) will just be the identity map, and
hence G has the N"R-property.

Definition 2.3. Let G be an N'R-group, let N := {/[G,G] and let N = N; >
-++ > N, > N.+1 =1 be the adapted lower central series of N. We define

Fo(@) =G, Fi(G)=N;, 1<i<c+1),
and call this the canonical filtration of G. The successive quotients
Fi(G) = Fi(G)/Fia(G) (0<i<c)
are called the canonical factors.

This filtration is particularly useful because all of its terms are fully invariant
and its factors are free abelian factors. Hence an endomorphism of G induces an
endomorphism on every canonical factor.

Lemma 2.4. Let G be an N'R-group and let H be a subgroup of G. Then H has
the N'R-property as well.

Proof. Restricting the exact sequence (2.1) to H gives a new exact sequence whose
terms still satisfy the requirements of a strongly torsion-free polycyclic group. It
remains to check that H satisfies the N'R-property. By [5, Lem. 4.2] we can use
any series of normal subgroups of H with free abelian factors and not just the
canonical filtration. After intersecting the canonical filtration of G with H, i.e.
H; = HnN F;(G), we find that each resulting factor embeds in the corresponding
canonical factor:
Hl‘/Hl‘+1 — ]:l(G) JJHH_;[ —> I]:H_l(G)

Consider the map

o;: H— Aut(Hi/Hi+1)Z h— (.’L‘HH_1 — Lh(.’L‘)Hi+1).
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For ¢ = 0, the action on G/Fi(G) is trivial. For ¢ > 1, if o;(h) were to have an
eigenvalue that is a non-trivial root of unity, so would p;(h), contradicting that G
has the N'R-property. By contraposition, H has the A"R-property as well. O

Proposition 2.5. Let G be a virtually polycyclic group and let H < G have finite
indezx. Then H contains an N'R-subgroup N of finite index that is fully invariant
inG.

Proof. The arguments of [5, Sec. 4.2] generalise to any virtually polycyclic group
G, hence we can always find some finite index N'R-subgroup K of G. Now set

n:=[G:HNK], N = ﬂ L.

L<G
[G:L]1<n

Then N is fully invariant and has finite index in G by [16, Lem. 2.2], and is contained
in both H and K. From Lemma 2.4 it follows that N has the A"R-property. O

2.2. The determinant invariant 7. We introduce a new invariant 7 on N'R-
groups, which serves as the group-theoretic counterpart of the (topological) Nielsen
number and the “always-finite” counterpart of the Reidemeister number.

Definition 2.6. Let G be an N'R-group and let ¢ € End(G). Let Fo(G), ...,
F¢(G) be its canonical factors and let ¢; € Z"*™ be the induced endomorphism
on F;(G) 2 7Z™. We set

T(QD) = H |det(Ini - ‘pz)| .
=0

Note that while the matrix representation of the (; depends on the chosen basis
of Z™, the determinant det(l,, — ;) does not.
Proposition 2.7. Let G be an N'R-group and let ¢ € End(G). Then R(p) =

|7(¢)|o and, conversely, T(p) = |R(¥)|,-
Moreover, if M is a compact solvmanifold with fundamental group G, and

f: M — M is a self-map that induces ¢ on G, then N(f) = 7(p).

Proof. The equality for N(f) follows directly from Keppelmann and McCord’s
product formula [17, Thm. 3.1] (see also [5, Thm. 4.4]), and the equality for R(y)
follows from the calculations in the proof of [5, Lem. 8.2]. O

Proposition 2.8. Let G be a finitely generated, torsion-free, nilpotent group, and
let p € End(G). Let G =Gy > -+ > G > Ger1 = 1 be a central series of G
whose terms are fully invariant in G and whose factors are free abelian. Denote by
p; € Z™i*™i the endomorphisms induced by ¢ on the factors G; =G; [Giy1 7™
Then

7(p) = [ ] Idet(Zn, — @3)l -
i=1
Proof. By [21, Thm. 2.6] (see also [23, Sec. 1]), we have that
R(p) = [ ] Idet(In, — i)l o -
i=1

Applying | .|, and invoking Proposition 2.7 gives the desired formula. O

Lemma 2.9. Let G, H be groups, let ¢ € End(G) and let ¢ € End(H). Then
(i) For every g € G, we have that R(tep) = R(p) = R(pty).
(i) If \: G — H is an isomorphism and YA = Ay, then R(p) = R(¢).

If G has the N'R-property, then the same statements hold with R replaced by .
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Proof. For (i), note that the map
Rl = Rlegel: 2l = [2g7 o0
is a bijection, and that iy = t,(5)®. Similarly, for (i), the map
Rlgl = R[Y]: [z], = M)y
is a bijection. Finally, the assertions for 7 follow from Proposition 2.7. O

Restricting an endomorphism of an AR-group to a finite index, normal subgroup
invariant under said endomorphism leaves 7 unchanged.

Proposition 2.10. Let G be an N'R-group, let N < G have finite index, and let
¢ € End(G) with o(N) < N. Then for every g € G, we have that

T(tgpln) = 7(0).

Proof. To ease notation, we set H := §/[G,G] and M := {/[N, N]. By Lemma 2.4,
N has the N'R-property, and then [N, N| has finite index in [G, G] by [5, Lem. 5. 5].
Consequently, M = NN H, and it follows that [H : M| < [G: N] < co. Since

N/M = NH/H <G/H,

we can identify N/M with a subgroup of index [G: NH| < co in G/H. Let @ and ¢
denote the induced endomorphisms on G/H and N/M, respectively, and note that
we can see ¢ as the restriction of ¢ to N/M. Since H and G/H are both finitely
generated, torsion-free, nilpotent groups, we can apply [23, Thm. 3.19] to obtain

R(pla) = R(elm),  R(@) = R().
By Proposition 2.7, the same equalities hold with R replaced by 7, and by Defini-
tion 2.6 and Proposition 2.8 we have that

() = 7(elu)7(?) = 7(elm)7(®) = T(¢lN).
Applying this to ¢, and using Lemma 2.9(i), we obtain that
() = 7(tgp) = T(tglN)
for every g € G. O

The next few results will be used to prove the averaging formulas in Proposi-
tion 2.14, and our new formula for the Reidemeister number in Theorem 3.3. The
first result is a special case of [23, Cor. 2.16]: virtually polycyclic groups are finitely
generated and residually finite.

Proposition 2.11. Let G be a torsion-free, virtually polycyclic group and let ¢ €
End(G). If R(p) < oo, then Fix(yp) is trivial.

The following was taken from the author’s PhD thesis [25, Cor. 2.5.15].

Proposition 2.12. Let G be a group with finite index normal subgroup N, and let
¢ € End(G) such that o(N) < N. Then

R(p) =00 <= FgN € G/N such that R(tgp|n) = 0

The result below lets us transfer the average of a function on one group to the
average of a related function on another group.

Lemma 2.13. Let \: G — H be an epimorphism of finite groups, and let o.: G — C
and B: H — C be functions such that o = ﬂ)x Then

1
€] ;a(g) Z B(h

hGH
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Proof. This is a straightforward application of the First Isomorphism Theorem:

1
61 2°0) = i) 2V

=@ S BO©)

M9)EA(G)

|H| 2 Bk -

heH

The following averaging formulas extend the formulas for Nielsen numbers from
[19, Thm. 3.5] and [5, Cor. 4.13].

Proposition 2.14. Let G be a torsion-free, virtually polycyclic group and let ¢ €
End(G). Suppose that N < G is an N'R-subgroup of finite index and that o(N) < N.
Then

RY) = PINCENE

Moreover, if G is the fundamental group of a compact infra-solvmanifold M and
f: M — M is a self-map inducing @, then

N = X Tlaelv)

gNeG/N

Proof. The formula for Reidemeister numbers follows from [25, Prop. 2.5.16] and
Propositions 2.7 and 2.11.

Using Proposition 2.5, let K < N be a finite index, fully invariant N"R-subgroup
of G. Then [5, Thm. 4.11] gives us the desired formula, but only for K (and not for
N), as it requires the normal subgroup to be fully invariant:

N = 3 sl

By Proposition 2.10, 7(tg¢|x) = T(tg¢|n) for every g € G. Applying Lemma 2.13
to the natural epimorphism G/K — G/N gives the desired formula. O

3. A FORMULA FOR REIDEMEISTER NUMBERS

In this section, we express the Reidemeister number as a sum over conjugacy
classes of torsion elements; the summands are reminiscent of the averaging formula
from Proposition 2.14. We begin by showing that this sum has only finitely many
terms.

Proposition 3.1. A virtually polycyclic group contains only finitely many conjugacy
classes of torsion elements.

Proof. Let G be a virtually polycyclic group. By [22, Ch. 8, Thm. 5], it has only
finitely many conjugacy classes of finite subgroups. Let F3, ..., F}, be representatives
of these classes. Every torsion element in G generates a finite subgroup and is
therefore conjugate to an element of some F;. Thus, the number of conjugacy
classes of torsion elements is bounded above by Y ., |F;| < cc. O

Let G\ Tor(G) be the set of G-conjugacy classes of torsion elements of G. For
every ¢ € End(G), we define

P,: G\ Tor(G) = G\ Tor(G): [tla — [¢(t)]a-
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For a given class [t]¢ € Fix(P,), choose a representative ¢ and pick an element
g+ € G such that

t=gp(t)g; -
Let N be a finite index, torsion-free, normal subgroup of G such that ¢p(N) < N.
To keep notation short and readable, we set

Ct = CG’(t), Dt = CN(t), Pt = lg, P-

Lemma 3.2. The groups C; and D, are pi-invariant, and Dy is a finite index,
torsion-free, normal subgroup of C;.

Proof. Let ¢ € Cy. Then [p(c), ¢(t)] = ¢([c, t]) = ¢(1) = 1, thus

ei()t = gip(A)p(t)g; ' = grp(t)p(c)g; * = tep(c),
which means that ¢:(c) € C;. All of the required properties of D; follow from the
fact that it equals C; N N. O

Below, we state the promised formula.

Theorem 3.3. Let G be a virtually polycyclic group, let ¢ € End(G) and let N < G
be a p-invariant, torsion-free, normal subgroup of finite index. Then

1
Rip)= Y, Dy Y. Rlepilp)-
[tlceFix(P,) Lt~ ¢p,ec,/D;

Remark 3.4. If G is a finite group, we can take N = 1 in Theorem 3.3 and then
D; =1 for all t. Thus, the summand of every [t]g is just

1
== > 1=1,
|Ct| ceCy
hence we recover a formula discovered by Ado [1] and Ree [20], and later rediscovered
by Fel’shtyn and Hill [8, Thm. 5]:

R(p) = [Fix(P,)| = { [dlc | [9le = [¢(9)]c } -

Remark 3.5. If G is torsion-free, then we only need to take the outer sum over a
single conjugacy class: that of the identity. Taking N to be an N"R-subgroup, we
get that C4y = G, D; = N, and we can choose g; = 1 such that ¢; = ¢. Using
Proposition 2.7, we thus recover the averaging formula from Proposition 2.14.

The proof of Theorem 3.3 will use the following counting formula for group
actions. Our only use for it is to apply it to the p-twisted conjugation action of G
on itself, but it holds in a more general context as well.

Lemma 3.6. Let a group G act on a set X, and let N be a finite index, normal
subgroup of G. Suppose that the action of N on X is free and that the orbit space
N\X is finite. Set

T={(t,z) eTor(G) x X |t-z ==z},
with n - (t,z) = (ntn=1,n-x). Then
|N\T]
[G:N]

Proof. We denote by S, the stabiliser Stabg(z) of z € X. Since S, N N is trivial,
we have that

|G\X| =

hence S, is finite.
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The quotient G/N acts naturally on N\ X via
G/N x N\X - N\X: (gN,N-z) —» N - (g - x).

For a fixed N-orbit N - z, its stabiliser under this action is exactly NS, /N, and
hence the G-orbit G- z is the union of [G: N]/|S;| N-orbits. For each such N-orbit,
we fix a representative y. Let (#,y’) € T such that ¢y’ € N - y. Its N-orbit contains
a unique representative (¢,y) with ¢t € Tor(G), because the action of N on X is free.
There are |Sy| = |S;| such representatives, hence:

[G: N

INTI= 3. > ISl= D, ISl 55 =[G:NIG\X],
G-zeG\X N-yCGx G-zeG\X z
which after rearranging gives the desired formula. O

Proof of Theorem 3.3. For g,h € G, let g+ h denote the p-twisted conjugacy action
of G on itself:

g*h:=ghp(g)™".
In the first three steps of this proof, we will assume that R(yp) < oo.

Step 1. The restriction of this action to N is free. Indeed, suppose that for
g € G and n € N, we have that n * g = ngp(n)~! = g. Then n = (1,¢)(n), so
n € Fix(t4¢|n). Since R(p) < oo, by Proposition 2.12 also R(te¢|n) < co and by
Proposition 2.11, this fixed point group is trivial. So n = 1. Also, each G-orbit
contains at most [G : N] N-orbits, so the set of N-orbits is finite. By Lemma 3.6,
we have that

_ IN\T]
" [G:N]’
where T == { (t,z) € Tor(G) x G | t*xz ==z }.

R(¢) (3.1)

Step 2. We now decompose N\T according to the conjugacy class of its first
component. Set Y; = {z € G | t*x =z }. Two pairs (¢,z) and (¢,z’) belong to
the same N-orbit if and only if 2’ = d * z for some d € D;. Thus, we have

IN\T|= > |D\Yi.
[tIn,Y:#2

Suppose that ¢’ = gtg~! for some g € G. The map = +— g * = induces a bijection
D\Y; — Dy\Yy. Moreover, G/N acts on the N-conjugacy classes of torsion
elements of G via

gN - [tlv = [gtg "IN,
and the stabiliser of [t]y is then
NC; C; Gy
N ~ CNN D

1%

Thus, by the orbit-stabiliser theorem, [t]¢ is the union of [[cGt gl] N-conjugacy classes.

Since Y; # @ if and only if [t]¢ € Fix(P,), we conclude that

M= ¥ Sk, )
[tle €Fix(Py)

Step 3. We now calculate what |D\Yy| is. If [t]g = [¢(t)]c, then Y; is the coset
Cig:. The action of D; on Y; is given by m x y = myp(m)~1. We define an action
of D; on C;:

dec:=dcpi(d)™ .
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If y1,y2 € Y; and c1,c0 € C satisfy y; = ¢;g; for ¢ = 1,2, then y; = d * yo if and
only if ¢; = d e ¢y, so the number of orbits for both actions is the same. The action
of D; on C; preserves D;-cosets. Let d,e € D; and ¢ € C;. Then

d e ec = decyp;(d) ™! = de(tep:)(d) e € Dic = cDs.

The number of D;-orbits in ¢D; is therefore R(t.¢:|p,), and hence

IDAY:|= D R(epilp,)- (3.3)
CDtECt/Dt

Combining egs. (3.1) to (3.3) now gives us the desired formula when R(¢) < oo.

Step 4. Finally, let us consider the case that R(p) = co. By Proposition 2.12
we know that R(t4¢|n) is infinite for some g € G. This Reidemeister number will
appear in the summand corresponding to the conjugacy class [1]g, so the right-hand
side of the equation is infinite as well. O

4. THE TAMED REIDEMEISTER NUMBER

One of the major limitations in working with Reidemeister zeta functions is that
we can only define them for tame endomorphisms. In [26], Vanzeir investigated a
workaround in his Master’s thesis. He defined the tamed Reidemeister number of
an endomorphism ¢ as R(p) := |R(¢)|,. For this new invariant, the associated zeta
functions (tamed Reidemeister zeta functions) can always be defined as formal power
series. Moreover, the number R(p) carries the same information as the original
number R(y): as the latter cannot be zero, we know that R(p) = 0 <= R(p) = cc.

Unfortunately, irrational tamed Reidemeister zeta functions R, (z) were dis-
covered for even relatively “easy” groups, e.g. for Z3 x_; Zy. Moreover, if M
is an infra-solvmanifold with a self-map f inducing an endomorphism f, on its
fundamental group, then it need not be the case that N(f) = R(f.). Thus, in this
manuscript, we opt for a different definition of the tamed Reidemeister number.

4.1. Definition and independence of choices. We limit our scope to virtually
polycyclic groups, and inspired by Theorem 3.3, we define the tamed Reidemeister
number as follows:

Definition 4.1. Let G be a virtually polycyclic group, let ¢ € End(G) and let N
be a finite index, normal N'R-subgroup of G such that ¢(NN) < N. We define the
tamed Reidemeister number R(p, N) as

BoM = Y S r(epiln): (4.1)

[tlcEFix(P,) [Ct: D] ¢Dy€Cy/ Dy
Note that such a subgroup N always exists by Proposition 2.5.
Proposition 4.2. For fized ¢ and N, the value of R(p, N) is independent of all
choices and hence well-defined:

(1) For fized t and g, the value T(Lc0t|p,) depends only on the coset cD; and
not on the choice of representative c.

(2) For every [t]q, its summand does not depend on the choice of g;.

(8) For every [tla, its summand does not depend on the choice of t.

Proof. We prove this item by item.
(1) Suppose ¢,c’ € C; and d € D; are such that ¢’ = de. Then
T(tept|D,) = T(tateptlp,) = T(tet| D))

due to Lemma 2.9(i), so the summand of the coset cD; is independent of
the chosen representative.
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(2) Let g1, g, be such that t = g:p(t)g; ' = gip(t)(g))~ . Set ¢} = tg: and
¢ = g,g; " such that ¢} = t¢;. Since D; is normal in C;, the map

Ct/Dt — Ct/DtZ cD; — CCIDt

is a well-defined bijection, and therefore

> rlewidn) = Y. Tleepdn) = D, (),

theCt/Dt CDtGCt/Dt CDtGCt/Dt

i.e. the total sum remains the same.

(3) Let ' := gtg~1. We may pick gy = ggi(g9) !

, since

9ot g = 99:0(t)g; tg T = 1.
Note that Cy = 14(Ct), Dy = 14(Dy), and @iy = tgp:. For ¢ € Cy, we
set ¢/ := geg™!. Then ¢4t = Lty and hence (Lo ppig)(d) = (tgtepr)(d) for
every d € D;. Thus, by Lemma 2.9(ii),

T([’c’(pt’ |Dt/) = T([’C(pt|Dt)'
Moreover, the map

Ct Ct/ 1

— = —:cD¢— Dy

D, Dy cly (S
is a bijection, and in particular [Cy : Dy] = [Cy : Dy]. Putting everything
together, we obtain

1 1
[Ot : Dt] Z T(LcthDt) = [Ct’ : Dt’] Z T(LC’SOt’lDt/)a

CDtGCt/Dt c'DeCyr /Dt'

hence the total sum also remains unchanged. O

Proposition 4.3. The value of R(p, N) is independent of the choice of N.

Proof. First, suppose that N’ < N are two finite index, ¢-invariant, normal N'R-
subgroups. By Proposition 4.2, we may use the same representatives ¢ of the
conjugacy classes [t]¢ of torsion elements, and the same conjugating elements g; for
both R(p, N) and R(p, N'). Let D} := Cn(t), which is then a normal subgroup of
both C; and D;. In particular, it is ¢.(¢-invariant for every ¢ € Cy.

By Proposition 2.10 we have that

7(tept|p;) = 7(tept|D,)

for every ¢ € C}, hence we can apply Lemma 2.13 to the natural epimorphism
C:/D; — C;/D;. Thus, for each conjugacy class [t|g, its summand is the same
regardless of whether we used N or N, and hence R(p, N) = R(¢, N').

Second, for arbitrary N and N’, we can apply the previous step to their inter-
section N N N':

R(SD’ N) = R(SD’N N NI) = R(QO,N’),
hence R(p, N) is indeed independent of the specific subgroup N. O

Henceforth, we write R(¢) and omit the “N”. We remark that the tamed Re-
idemeister number will always be a non-negative integer. Non-negativity is obvious
from the definition; the proof of integrality will have to wait until the end of Sec-
tion 5.
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4.2. Comparison with Reidemeister and Nielsen numbers. We check that
R(¢) coincides with the Reidemeister number R(y) when the latter is finite, and
with the Nielsen number N(f) of a self-map f on a compact infra-solvmanifold
which induces ¢ on the (torsion-free) fundamental group.

Proposition 4.4. Let G be a virtually polycyclic group and let ¢ € End(G). If
R(p) < 0o, then R(p) = R(¢p).

Proof. We use Theorem 3.3 for a suitable subgroup N. If R(p) < oo, all of the
inner summands R(t.p¢|p,) are finite as well. T hus, by Proposition 2.7, they equal
T(tept| D, ), and we get exactly the formula for R(¢p) as stated in Definition 4.1. O

Proposition 4.5. Let M be a compact infra-solvmanifold with self-map f: M — M,
and let f. denote the induced endomorphism on the fundamental group. Then

N(f) = R(f.).
Proof. We set G := m1(M) and ¢ := f,. Using Proposition 2.5, let N be a finite

index, fully invariant A"R-subgroup of G. As in Remark 3.5, the formula for R(¢)
reduces to

- 1
Rlp)= 77 > Tlweln) = N(),
[G: N]
gNeG/N
where the last equality is given by Proposition 2.14. O

5. DETERMINANT AVERAGES AND ASSOCIATED ZETA FUNCTIONS

In this section, we consider determinant averages over finite and bounded groups.
Our approach follows, in broad strokes, the proof for rationality of Nielsen zeta
functions on infra-nilmanifolds in [3]. In particular, we copied the use of a subgroup
of index at most 2 to get rid of unwanted absolute values around determinants.
However, we diverge from their methods by using compound matrices, rather than
Lefschetz numbers and zeta functions, to prove rationality. The use of compound
matrices was inspired by the use of exterior powers in [11]; compound matrices are
essentially matrix representations of exterior powers of linear transformations.

Definition 5.1. Let (Ax)ken be a sequence such that L = limsup;,_, o, |Ak|1/’c is
finite. Its associated zeta function is defined as the complex function

— A
Za(z) = expz Tkzk,
k=1

which converges when |z| < 1/L (with the convention that 1/0 = c0).

Proposition 5.2. Let G be a group, let N be a finite index, normal subgroup of G,
let ¢ € End(G) such that o(N) < N, and let p: G — GL,(Z) be a homomorphism
such that p(N) is abelian. Suppose that D € Z™*™ satisfies

Dp(g) = p(¢(9))D

for every g € G and that |det(I — p(g)Dk)| depends only on gN, for every k > 1.

Then .
G N > |det(I - p(g)D¥)]

gNeG/N

Ak =

is an integer, and its associated zeta function exists and is rational.

We postpone the proof of this proposition until we have proved the necessary
lemmas, which are spread over the following three subsections.
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5.1. Tracing the determinants. We start by explaining why Z-linear combina-
tions of traces of matrix powers have rational associated zeta functions. Then, we
introduce compound matrices to express determinants as alternating sums of traces,
and finally we prove the averaging lemma needed to obtain traces of powers.

The following lemma is often named Plemelj’s formula. For the reader’s conveni-
ence, we include a short proof.

Lemma 5.3. Let D € C™*"™ with eigenvalues A1, ..., A, and let z € C with |zX;] < 1
foralli=1,...,n. Then

det(I, — zD) = exp (— i @z’ﬁ .

k=1
Proof. By using the Jordan normal form, it is clear that

n

det(I, — 2D) = [[(1—2x),  tx(DF) = zn:,\f.

=1

Using the power series expansion log(1 —w) = — > 7, w¥/k for |w| < 1, we obtain

det(I, — zD) = exp (Z log(1 — z\;)

i=1
_ z k) tr(D")
= exp (—Z?Z)\l) = exp <_ZTZ ,
k=1 i=1 k=1
for any z € C with |2| < 1/|N\] for all ¢ = 1,...,n (with the convention that
1/0 = o0). O

Corollary 5.4. Let M; € C™*"™ fori=1,...,r and let cy,...,c,. € Z be constants.
The sequence (Ag)ren with

Ag = Z ci tr(MF)
i=1

has a rational associated zeta function Za(z), given by
Za(z) = [ [ det(In, — zM;)~°.
i=1

Proof. Let C > 1 be a constant greater than |A|, for every eigenvalue A of every
matrix M;. Then for every k > 1, we have that

T
|4kl <Y leil niC*,
i=1

hence Z4(z) exists. The expression in terms of determinants is a consequence of
Plemelj’s formula, and rationality follows from the fact that these determinants are
polynomials in z. O

We now introduce compound matrices and some of their properties.

Definition 5.5. Let D € C™*". Let I C {1,...,m} and J C {1,...,n} be index
sets of 0 < r < min{m, n} elements. The r-th compound matriz C.(D) of D is an
(™) x () matrix whose (I, J)-th entry is the minor obtained by retaining the r
rows and columns whose indices appear in I and J, respectively. The index sets

are ordered lexicographically. For r = 0, we set Co(D) := (1).

It is worth noting that if D is a rational (or integer) matrix, then so are all its
compound matrices. A very useful property of compound matrices is that they are
multiplicative [15, Eq. (0.8.1.1)]:
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Lemma 5.6. Let A be an m x k and B a k X n matriz. For every r < min{m, k,n},
we have
C-(AB) = C.(A)C.(B).

The following is a special case of [15, Eq. (0.8.12.3)].
Lemma 5.7. Let D € C*"*™. Then

det(I, — D) = > (=1)"tr(Cr(D)).
r=0
The following lemma, lets us choose a Z-basis of Z™ adapted to a series of Q-vector
subspaces.

Lemma 5.8. Let 0=V, C V; C--- CV, = Q" be a series of vector subspaces.
There is a Z-basis of Z™ whose first dimV; wvectors span V; over Q for every i.
With respect to this basis, every integer matriz that leaves every V; invariant is
block upper triangular, and its (integer) diagonal blocks describe its actions on the
quotients V;/V;_1. Moreover, if its inverse is also an integer matriz and leaves each
V; invariant, then the inverses of the diagonal blocks are integer matrices as well.

Proof. For every i, we put A; = V; N7Z". Pick a Q-basis of V;, and multiply each
of the basis vectors by a positive integer such that it belongs to A; (e.g. the least
common multiple of the denominators of its entries). This new basis still spans all
of V; over Q, so the Q-span of A; is V;.

The quotients A;/A;_; are free abelian: if v € A; and for some r € N we have
that rv € V;_1, then also v € V;_; and hence v € A;_1.

For each i we pick a basis of A;/A;_1 and then pick preimages in A; of the basis
vectors. All of these preimages together provide the required basis of A, = Z™. O

Lemma 5.9. Let G be a finite group, let ¢ € End(G), let p: G — GL,(R) be a
homomorphism and let D € R™*™ such that Dp(g) = p(¢(g))D for every g € G.
Then there exists a real matriz M such that, for every k > 1,

1
= Y tr(p(g)D¥) = tr(M*).
|G|
g€eG
If moreover D and p(g) (for every g € G) are integer matrices, then M can be

chosen to be an integer matriz as well.

Proof. Let P be the matrix
5 3o
~al v
For any h € G, multiplying P and p(h) just permutes the summands, hence
Pp(h)y=P, P?=P.
Combining this with Dp(g) = p(¢(g ))D, we find

1 1
PDP = PD — PD=PD

geG geG geG

from which we conclude that ker P is D-invariant. Any vector v € R™ can be
written as
v=(v—Pv)+ PvekerP®imP,

hence with respect to a suitable basis we have

() oG i)
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for some matrix M. Therefore

1
= Y tr(p(g)D¥) = tr(PD¥) = tr(M*),
|G|
geG
which shows that M provides the desired matrix. If D and all the p(g) are integer
matrices, then P is a rational matrix. By choosing the basis over Q as in Lemma, 5.8,
M will be an integer matrix. O

5.2. Reduction to bounded representations. In order to prove Proposition 5.2,
we need p and D to be sufficiently “well-behaved”. By using the assumption that
p(N) is abelian, we will first show that we may assume D is invertible and p(N) is
simultaneously diagonalisable. We will then construct 5 and D such that 5(G) is
bounded, without changing the determinants or the relation Dp(g) = p(¢(g))D.

Lemma 5.10. Let G be a group, let N be a finite index, normal subgroup of G,
let ¢ € End(G) such that o(N) < N, and let p: G — GL,(Z) be a homomorphism
such that p(N) is abelian. Suppose that D € Z™*™ satisfies Dp(g) = p(¢(g9))D
for every g € G. Then there exist a homomorphism p: G — GL,(Z) and a
matriz D € 7™*™ with non-zero determinant (with m < n) such that p(N) is
simultaneously diagonalisable over C and

Dp(g) = p(#(9))D,  det(I, — p(9)D*) = det(I, — p(g9)D*) (5.1
for every g € G and every k > 1.

Proof. The proof goes in three steps.

Step 1. In this first step, we pass to a quotient on which D is invertible. Set V := Q™
and choose 7 € N such that W := ker D" = ker D" . Since D7p(g) = p(¢’(g))D’,
every ker D7 is p(G)-invariant. Moreover, p(g)D* maps ker D’ into ker D71, for
every j,k > 1, so its restriction to W is nilpotent. Let D and p be the induced
maps for the quotient V := V/W, and set m := dim V. With respect to a suitable

basis,
D¥| *
pr = (POD"lw  x_ )
p(9) ( 0 p(g)DF
Since p(g)D¥|w is nilpotent, we get that
det(I — p(9)D*) = det(I — p(9)D*|w) det(I, — p(g)D*) = det(L — p(9)D").

The matrix D is now invertible: if D(v + W) = 0, then Dv € W = ker D", hence
v € ker Dl = W. By Lemma 5.8, D and p(g) are still integer matrices, and
Dp(g) = p(v(g9))D still holds.

Step 2. In this second step, we construct a series of invariant subspaces such
that the matrices induced by p(IN) on each successive quotient are simultaneously
diagonalisable. Let A be the Q-vector space spanned by p(IN). Since p(N) is an
abelian group, A contains the identity matrix, is closed under multiplication, and
its elements commute pairwise. Normality of N and the matrix relation give us
that
pl9)Ap(g)™ = A,  DAD' =4,

where the second equality follows from the inclusion DAD~! C A with both spaces
having equal dimension. Denote by B the set of nilpotent matrices in A, and set

Vo =0, Vis1:={v €V | Bv eV, for every B € B}.
All of the V; are invariant under A, p(G), D and D~'. This can be shown by

induction: the matrices in A commute, and conjugation by D or p(g) permutes B.
In particular, B(V;) CV; for every B € B, hence V; C V; ;.
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We now show that this sequence eventually reaches V. The space V; contains
exactly those vectors that are mapped to zero by any product of ¢ matrices from B.
Since A is finite-dimensional, we can choose By, ..., B; € B such that every matrix
in B is a Q-linear combination of these matrices. Note that every B; is nilpotent
on V, hence B =0.

Every product of sm B;’s must contain an m-th (or larger) power of some B;, and
since the B;’s commute, this product is then the zero matrix. Since B is contained
in the Q-span of the B;’s, this also holds for every product of sm matrices from B.
Hence, we find that V,,, = V.

Let M € p(N) and let p € Q[z] be the product of the distinct monic irreducible
factors of its characteristic polynomial. Then p(M) € A, and since the characteristic
polynomial divides a sufficiently high power of p, the Cayley-Hamilton theorem [15,
Thm. 2.4.3.2] gives that p(M)? = 0 for some ¢ > 1. Thus p(M) € B, and the matrix
M! induced by M on V;/V;_; satisfies p(M!) = 0. Since p has no repeated roots,
M] is diagonalisable by [15, Cor. 3.3.10]. The induced matrices commute, hence
they are simultaneously diagonalisable by [15, Thm. 1.3.21].

Step 3. In this third and final step, we replace D and p(g) by their diagonal
blocks, and prove that the resulting matrices have the required properties. Use
Lemma 5.8 to choose a Z-basis adapted to the subspaces V;. Let D be the block
diagonal matrix whose block diagonal equals that of D, and define j similarly. Then
eq. (5.1) holds for every g € G and every k > 1. Moreover, D is an integer matrix
invertible over Q, 5(g) and (g)~! are integer matrices, and p(IV) is simultaneously
diagonalisable. O

Next, we introduce the positive part of a matrix. This is a real matrix which
retains information on the moduli of the eigenvalues of the original matrix. By
“removing” the positive part from every matrix in a simultaneously diagonalisable
group, we will be left with a bounded group.

Definition 5.11. Let M € R™*"™ be diagonalisable over C. If P € GL,(C) is
such that M = Pdiag(\1,...,\,) P!, we define the positive part of M as the real
matrix

M, = Pdiag(|\i],...,|\))P7E,
such that M, acts as multiplication by |A;| on the A;-eigenspace of M.

Lemma 5.12. Let M € GL,(R) be diagonalisable over C, and let D € R™*™. If
the sequence (det(I, — M*D))iez is bounded, then

det(I, — M D) = det(I, — D)
for every t € R.
Proof. We will work in an eigenbasis of M, and denote the eigenvalues by A1, ..., A,.

By Lemma 5.7 and multiplicativity of compound matrices,

det(I, — M'D) = i(—nr tr (C.(M)'C (D)),
r=0

n
det(I, — MiD) = (-1)"tr (C,(My)'Cr(D)).
r=0
The diagonal entries of C.(M) are the products [];.; A, where |J| = r, and the
corresponding entries of C, (Mj_) are their absolute values raised to the ¢-th power.
Let p1,. .., us be the distinct products occurring for 0 < r < n, including the empty
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product 1. Grouping equal products gives
det(I, — M'D) = cjut,  det(I, — MiD) = c;|u;l",
j=1 j=1

where c; is the sum of the diagonal entries of (—1)"C,(D) whose corresponding
eigenvalue product is p;. Thus, both sums share these coefficients.

The Vandermonde matrix V := (u;_l)lsi,jsf, is invertible because all of the p;
are distinct. Hence

ciph det(I, — M'D)
: = V_l :
st det(I, — M*+5~1D)
for every t € Z. The right-hand side is bounded, independently of the value of ¢. If

|pj| > 1, letting t — +o0 forces ¢; = 0. Similarly, if |u;| < 1, we can use t — —oo.
The only remaining terms are those with |u;| = 1, so

det(I, — M. D) = ¢; = det(I, — D). O
j=1

Lemma 5.13. Let G be a group, let ¢ € End(G), and let p: G — GL,(R) be a
homomorphism such that p(G) is simultaneously diagonalisable over C. Suppose
that D € GL,(R) satisfies Dp(g) = p((g))D for every g € G. Then

p(p(G)) = p(G).
Proof. Let V be the R-vector space spanned by p(G). The matrix relation gives us
that
Dp(G)D™* = p(¢(G)) < p(G),
hence DVD~! C V. Since both spaces have the same dimension, we get that
DVD=!=V. Let Wy,...,W, be the common eigenspaces of p(G) over C. Every
matrix in V acts as scalar multiplication on each W;. We fix an eigenspace W; and
a g € G. Since D~!p(g)D € V, there exists a Ay ; such that (D~!p(g)D)w = A, w
for every w € W;. Moreover,
p(9)Dw = D(D™*p(g)D)w = g, Dw,

so DW; is contained in a common eigenspace W;. Applying the same argument to
D1, we find that D permutes the common eigenspaces W;. A suitable power D?
therefore leaves each eigenspace W; invariant and commutes with p(G). Therefore,

p(G) 2 Dp(G)D™' 2 --- 2 D'p(G)D™" = p(G),
so all inclusions are in fact equalities. Thus,
p(¢(G)) = Dp(G)D™ = p(G). O

Lemma 5.14. Let A < GL,(R) be simultaneously diagonalisable over C, and let
N be its normaliser in GL,(R). Let A = (af, | a € A, t € R). There exists a
homomorphism m: N — GL,,(R) such that

m(a) = a;la, n(h)h™t € 2,
foralla € A and allh € N.

Proof. Let Vi,...,V, be the common eigenspaces of A and set d; := dim¢ V;. We
will work in an eigenbasis corresponding to these eigenspaces. For each i =1,...,r,
we define A\;: A — C* such that aly, = A;(a)l. We set

£(a) = (log |Ai(a)|)i—; € R, W = spang £(A).
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To each x € R", we associate a matrix M,. With respect to an eigenbasis correspond-
ing to the eigenspaces V;, this matrix is diagonal such that its entries corresponding
to V; are e*:. Clearly, My M, = M, for all x,y € R". Since

t.
My t0(a;) = H(aj)i,
J

we have that A = { M, | z € W }, and every M, with z € W is real.

Each element h € N induces a permutation oy, of the common eigenspaces, given
by hV; = V;, ). We also get a linear map Sy, on R” such that (Spz),, ;) = z; for
every x € R". Then

hM,h™! = Ms, o, L(hah™t) = Sp4(a),

thus W is invariant under Sp,. Denote by P: R™ — W the orthogonal projection.
We have that PS;, = Sp,P.
We now define a map D: N — R” given by

D()oy o = 7 g ldet(hlon (i), i)

where h[o(4),1] is the d; x d; block of h corresponding to how h maps V; to Vou(i)-
If we set j := op/ (i) and k := ox(j), then the block of hh’ mapping V; to Vj, is
the product of the block of h mapping V; to Vi and the block of h’ mapping V; to
Vj, i.e. (hh')[k,i] = hk, j]h'[j,4]. Therefore:
D(hh') = D(h) + SKD(K).
For a € A, we have det(aly;) = \;(a)%, hence D(a) = £(a). We can finally define
the required morphism:

m: N — GLH(R) h+— M—PD(h)h“

Essentially, this removes only the part of the logarithmic determinants lying in W.
Using the identities above, we get

n(h)w(h') = M_ppnyM_s,pp )bb'
= M_p(p(h)+s,D(h)) R = w(hR').
Thus, 7 is a homomorphism. Since P£(a) = £(a), we get that 7(a) = M_yq)a =
al'a, and w(h)h ™t = M_pp@, € A O

Lemma 5.15. Let G be a group, let N be a finite index, normal subgroup of G,
let ¢ € End(G) such that o(N) < N, and let p: G — GL,(R) be a homomorphism
such that p(N) is simultaneously diagonalisable over C. Suppose that D € GL,(R)
satisfies Dp(g) = p(¢(g))D for every g € G. If |det(I, — p(g)D*)| depends only on
the coset gN, for every k > 1, then there exists a homomorphism p: G — GL,(R)
and a matriz D € GL,,(R) such that 5(G) is bounded and

Dp(g) = p(p(g))D,  det(I, — p(g)D*¥) = det(I, — p(g)D*)
for every g € G and every k > 1.

Proof. Set A = p(N). We apply Lemma 5.13 to N, ¢|n, p|n and D, which gives
us that DAD™! = p(p(N)) = A. Since N is normal in G, each matrix p(g) also
normalises A. Therefore, we may apply Lemma 5.14 to A = p(N), and define

p=T7p, D = n(D).
Since 7 is a homomorphism when restricted to the normaliser of A, we have that

Dp(g) = m(Dp(g)) = m(p(¢(9))D) = p(p(9))D,  plg)D* = n(p(g)D").
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In a common eigenbasis of A, the matrices 7(a) = ajrla are diagonal with eigenvalues
of modulus one, hence 5(N) = w(A) is bounded. The group p(G) is a finite union
of translates of (), so it is bounded as well.

It remains to check the determinants. Fix ¢ € G and k > 1. For every a € A,
choose an = € N such that a = p(z). For every ¢t € Z, normality gives us that
ztgN = gN, and so the hypothesis gives

|det(I, — a’p(9)D*)| = |det(I — p(g)D")|.
We now invoke Lemma 5.12 to find that
det(I, — a’, p(g)D*) = det(I, — p(g)D") (5.2)

for every t € R. The same holds when we replace ai with any u € 2, where
is defined as in Lemma 5.14. Indeed, if u = [[;_,(a;)% with a; € A and t; € Q,
we can write t; = n;/d with d a common positive denominator. Simultaneous

diagonalisation then gives
s 1/d
u = (H CL:L') 5
=1 +

so eq. (5.2) applies. For arbitrary real ¢;, we use that the continuous function

R® = R: (t1,...,ts) — det (In - H(ai)fﬁp(g)pk)
i=1
equals the constant det(I,, — p(g)D*) on Q°, which is dense, and so it equals this
value on all of R®. In other words, we have now extended eq. (5.2) to

det(I, — up(g)D*) = det(I, — p(g) D) (5.3)

for every u € 2. _
Finally, Lemma 5.14 gives us that p(g)D* = w(p(g)D*) = up(g)D* for some
u € 2A. Together with eq. (5.3) this implies that

det(I, — p(g)D¥) = det(I, — up(g)D*) = det(I,, — p(g)D¥). O

5.3. Signed determinant averages. The next lemma lets us get rid of the abso-
lute value around each determinant by extracting its sign as a factor of the form
de*x(g). This will reduce the absolute determinant averages in Proposition 5.2 to
the signed averages in Lemma 5.17.

Lemma 5.16. Let G be a group, let ¢ € End(G), let p: G — GL,(R) be a
homomorphism such that p(G) is bounded, and let D € R™*™ such that Dp(g) =
p(0(9))D for every g € G. There exist constants d,€ € {—1,1} and a homomorphism
x: G — {—1,1} such that xp = x and

|det(I,, — p(9)D*)| = d€*x(g) det(I, — p(g) D) (5.4)
for every g € G and every k > 1.

Proof. We follow the decomposition and sign arguments from [3, Sec. 3|, replacing
the use of finiteness by boundedness. The proof is divided into three steps.

Step 1. First, we will decompose p(g) and D into two blocks. Let V<; and V51 be
the real subspaces corresponding to the generalised eigenspaces of D for eigenvalues
of modulus < 1 and > 1, respectively. We start by showing that v € V<; if and
only if || D"v|| is bounded by a polynomial in r. We use the Euclidean norm and its
induced matrix norm. Let J be the Jordan normal form of D and let P € GL,(C)
such that D = PJP~!. Set w := P~ 1w.
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A Jordan block Jy of size m is of the form Al,, + U with U an upper triangular
matrix with zeroes on its diagonal. Hence U™ = 0, and the binomial theorem gives

r

min{r,m—1}
G

= > ))\T‘j U
§=0
for every r > 0. If |\| < 1, then I)\"j | < 1 for every term in this sum, and each
coefficient (;) is a polynomial in r. Using the triangle inequality, we find that
mEnI N mlg (g
s Y () rior < X S < (Z —,) (4t
§=0 J =0 7 =0 7
i.e. the powers of this block are bounded by a polynomial C(1 + 7)™~ ! with C and
m constants. Let Jy,,...,J5, be the Jordan blocks with eigenvalues of modulus
< 1, and let w; be the subvectors of w corresponding to these blocks. If v € V<,
then

|1D"0|| = [P w]|

S
<P 1T will
i=1

<P Collwsl| (L + 7)™,
i=1
for fixed C;, m; and w;, so ||D"v|| is indeed bounded by a polynomial in r.
Conversely, suppose v ¢ V<. Then w has a non-zero subvector w’ = (wx, ..., wn)
in a Jordan block Jy = A, + U with |A| > 1. Let s be the largest index such that
ws # 0 and let t € Ny. Since U has ones on its superdiagonal, the s-th coordinate
of Utw' is either w,,; or 0, depending on whether s +¢ < m. By the choice of

s, this coordinate is 0 for every ¢ > 1, and hence the binomial expansion gives
(J{w’)s = A"w,. Therefore,

IP=HIID o]l 2 [|IP~ D]l = T wll 2 [[J3w'[| 2 (A" |wsl,

so |D™v|| > C|\|" for some constant C > 0. Hence, ||D™v|| cannot be bounded
above by a polynomial in 7.

Now choose B > 0 such that ||p(h)|| < B for every h € G. Fix an element
g € G and a vector v € V<;. By induction, the matrix relation gives us that
D7p(g) = p(¢"(g))D", and therefore

10" p(g)vll = llp(#"(9)) D" 0|l < B||D™v]l.

As the right-hand side is bounded by a polynomial in 7, we get that p(g)v € V<.
Thus, V< is p(G)-invariant. With respect to a basis adapted to R™ = V<1 & V54,
we obtain the decomposition

= ("3 ) 2= (5% o)

Both p<; and p-; are homomorphisms, and both their images are bounded. The
eigenvalues of D<; and D-; have modulus < 1 and > 1, respectively. We will
refer to the “< 1”- and “> 1”-subspaces and submatrices as the non-expanding and
expanding parts, respectively.

We now remove the #-block in p(g) by defining

0= ("5, )
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Multiplying block upper triangular matrices shows that g is a homomorphism with
bounded image, and that

Dj(g) = p(¢(9))D,  det(I, — p(g)D*) = det(I, — 5(g)D¥)

for every g € G and every k > 1. Thus, replacing p by p, we may assume that both
p(g) and D are block diagonal.

Step 2. In this second step, we study the eigenvalues of p(g) D* corresponding to
expanding and non-expanding parts. Fix g € G and k > 1. For every r > 1, we set
gr = g¢*(g)--- 9"~ D¥(g), such that

(p(9)D*)" = p(g)D*".
On the non-expanding part, we get that

(p<1(9)DE1)" 1| = llp<1(gr) D1l < o<1 (gn) IIDEL I,

where on the right-hand side the first factor is bounded by a constant and the second
factor is bounded by a polynomial in r. Taking a non-zero complex eigenvector
with eigenvalue ), we find that |\|" is bounded by a polynomial in r. This is only
possible if A, and by extension every eigenvalue of pgl(g)D’él, has modulus at most
one. -

Conversely, on the expanding part, for every non-zero complex vector v, we get
that

[Foed
lo>1(gr) 2
The denominator is bounded by a constant, since p~1(g-)~* = p>1(g 1), and we
know from the previous step that the numerator grows exponentially in r. By
taking v to be an eigenvector, we conclude that every eigenvalue of p>1(g)D’§1 has
modulus greater than one.

I(p>1(9) D))"l = llp>1(g-) DE30]| >

Step 3. In the third and final step, we get rid of the absolute value around the
determinant. We define x as the homomorphism

x: G — {-1,1}: g~ det p>1(9g).
To see that this is well-defined, fix g € G. For every r € Z, we have

Ix(9)]" = |det p>1(g)|" = |det p>1(9)"| = |det p>1(g")],
and the right-hand side is bounded. So |x(g)| = 1, and since we are dealing with real
matrices, the determinant is real and hence x(g) € {—1,1}. Taking the determinant
on both sides of the equality
Dx1p>1(9) = p>1(¢(9))D>1

and dividing both sides by det D~ # 0, we get that x¢ = x.
Let p and ¢ be the numbers of real eigenvalues of D that are greater than 1 and
smaller than —1, respectively, counted with algebraic multiplicity. We set

0= (—1)”“, e:= (—1)9,
such that

sk — (-1)? if k is odd,
(—1)P*te  if k is even.

Then, applying [3, Lem. 4.4] to D1, and using that every eigenvalue of D¥; has
modulus greater than one, gives us that

5€® det(I — D% ;) > 0.
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Every eigenvalue of (p>1(g)D%,)™! has modulus less than one, and the same holds
for D;’f, hence we find that

det(I — (p>1(9)D%,)™*) >0,  det(I — DI¥) > 0.
Using the identity I — M = —M (I — M~!) for an invertible matrix M, we obtain

det(I — p>1(9)D%;) ( )det(f— (p>1(9)D%)7Y)
det(T—D%,) X7 gen(1 - DF)

)

hence
X(g) det(I — D%,) det(I — p>1(g)D%4) > 0.
Combining this with ¢* det(I — D% ;) > 0 gives

¥ x(g) det(I — p>1(9)D%,) > 0.

For the non-expanding part we instead find that
det(I — p<1(9)D%;) > 0.

Once again combining the previous two inequalities and using the block decompos-
ition from the first step gives

3€*x(g) det(I, — p(9)D*) = d€*x(g) det(I — p>1(9) D% 1) det(I — p<i(9)DE,) > 0,

which proves eq. (5.4). O
Since the reduction to bounded representations doesn’t change the determinants,

the sign formula obtained above will also hold for the integer matrices obtained by

applying Lemma 5.10. Therefore, we can use the resulting homomorphism ¥ in the
lemma below.

Lemma 5.17. Let G be a group, let N be a finite index, normal subgroup of G, let
¢ € End(G) such that o(N) < N, and let p: G — GLy,(Z) be a homomorphism such
that p(N) is simultaneously diagonalisable over C. Suppose that D € Z™*™ satisfies
Dp(g) = p(p(g9))D for every g € G, and let x: G — {—1,1} be a homomorphism
such that xp = x. If x(g) det(I, — p(g)D*) depends only on the coset gN, for every
k > 1, then there exist integer matrices My, ..., M, such that

ﬁ > x(g)det(I, — p(g)D*) =Y (1) tr(M])
gNeG/N §=0
for every k > 1.

Proof. For every j € {0,...,n}, set d; := (;‘) and

Vi=Q%  X;=CiD),  Y;(9)=x(9)Ci(p(9))-
From the multiplicativity of compound matrices and from x¢ = x, we find that Y}
is a homomorphism and that X,Y;(g) = Y;(¢(g))X,. Applying compound matrices

to a common diagonalisation of p(N) also shows that Y;(IN) is simultaneously
diagonalisable. We define the Q-vector space

W; = spang{ (I, — Yj(a))v|a € N, v € V; }
for every j. Using the identities below,
Xj(la; = Yj(a)) = (Ig; — ¥;((a))) X,
Yj(9)(Ia, — Yj(a)) = (Ia, — Yi(ga9™"))Y;(9),

we find that W; is invariant under X; and Y;(G). Let X; and Y;(g) denote the
induced maps on V;/W;, and in particular Yj(a) = I for a € N.
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Now, for each j choose a basis of W; of the form
{ (Idj - Y:i(ai’j))vi | 1=1,..., Sj }a

and to keep things simple, let a1, ..., a, enumerate all of the a; ;. Then
W =3 (I-Y;(a))V;
=1

for every 0 < j < n.

We take the product of the characteristic polynomials of all Y;(a;), remove all
factors x — 1, and finally divide by the resulting polynomial’s value at 1. This gives
a polynomial p € Q[z] such that p(1) = 1, and such that every other eigenvalue of
a matrix Yj(a;) is a root of this polynomial. Set

P = [[p%5(a:)

We established before that Y; (V) is simultaneously diagonalisable, so we may work
in a common eigenbasis. For an eigenvector v of Y;(a;) with eigenvalue A, we find

p(¥;(a:)(I - Y;(a:))v = p(A)(1 = Ao =0,

since by construction p(\) = 0 whenever A # 1. Thus p(Yj(a;))(I — Y;(a;)) = 0.
Both factors here are polynomials in Yj(a;), so they commute Then

Pi(I-Yj(a)) = | [Ip(Yi(ar)) | p(Y;(a:))I - Yj(as)) = 0,
t£i
so P;W; = 0. Since Yj(a;) = I and p(1) = 1, the map induced by P; on V;/W; is
the identity. Expanding P; and using multiplicativity of the Y;, we find elements
bi,...,b, € N (each a product [], a5*) and constants cy,...,c. € Q such that

Pi=) aYib), Y e=p(1)° =
t=1 t=1

for every j. Fix g € G and k > 1. In a basis of V; extending a basis of W}, we have

that

_ (0 * : E_(* _ *
so their product has trace tr(Y;(g)X Jk) Since b;gN = gN, the hypothesis and
Lemma 5.7 give

x(g) det(I, — p(9)D*) = " cix(brg) det(I, — p(brg) D*)

t=1

n
= > (1) tx(P;Y;(9)X])
§=0
n
Z 1)7 tr(Y;(9)X5) k
§=0
By Lemma 5.8, the matrices X, Y;(g) and Y;(g~!) have integer entries in suitable
quotient bases.
Let @ denote the induced endomorphism on G/N. For each j, we define

Y;: G/N = GL(V;/W;): gN = Y;(g).
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This is well-defined, since for every a € N, we have that Yi(ga) = Y;(9)Y;(a) =
Y;(g). Then

X;¥i(gN) = X;Y5(9) = Yi(e(9)X; = Yi(@(gN))X;
for every j and every gN € G/N. Thus:

[G_:lN] > xlg)det(In - p(g)D")
gNeG/N
=G+N] S S (1) (T (gN) XE)

gN€eG/N j=0

—_

n ) 1 _ .
= Z(—l)] G N > t(Y;(gN)X))

=0 gNeG/N
Applying Lemma 5.9 now gives the required integer matrices My, ..., M,. O

5.4. Proof and corollaries. We now prove Proposition 5.2 by combining the
matrix reductions with the sign and trace formulas.

Proof of Proposition 5.2. By Lemma 5.10, we may assume that D is invertible
and p(N) is simultaneously diagonalisable over C. Applying Lemma 5.16 to the
homomorphism  and matrix D obtained from Lemma 5.15, and using that this
preserves determinants, we find that there exist constants d,e € {—1,1} and a
homomorphism x: G — {—1,1} such that x¢ = x and

|det (I, — p(9)D*)| = 8€“x(g) det(I, — p(g)D*)

for every g € G and every k > 1. This also shows that x(g) det(I,,—p(g) D) depends
only on gN. We then invoke Lemma 5.17 to obtain integer matrices My, ..., M,
such that

Ay = 6é* i(—l)j tr(M]k).
Hence the Ay are integers, and by Cjo;i))llary 5.4 their associated zeta function is
given by .
Za(2) = [] det(I — exM;)*0"",
which exists near zero and is rati]o_noal. O
While 7 is defined as the product of multiple absolute values of determinants,

we can use block diagonal matrices to write it as the absolute value of a single
determinant. This lets us apply Proposition 5.2 to averages of 7.

Corollary 5.18. Let G be a group, let ¢ € End(G), and let N be a finite index,
normal N'R-subgroup of G such that o(N) < N. For every k > 1, the quantity

. 1 k
Ak = m Z T(LgQD |N)
gNeG/N

is an integer and the sequence (Ax)ken has a rational associated zeta function.

Proof. Let Fo(N),...,F.(N) be the canonical factors of N. Let D; and p;(g) be
the integer matrices induced on the i-th factor by ¢ and ¢4, respectively. Set

D := diag(Do, ..., Dc),  p(g) = diag(po(9),---,pc(9))-
By Definition 2.6 and the identity ¢t, = t,(4), We find that

T(tg0*|n) = |det(I — p(9)D*)|,  Dp(g) = p(e(g))D.



24 S. TERTOOY

Set M = {/[N, N]. Conjugation by M is trivial on N/M and on the factors of
the adapted lower central series of M, hence p(M) = 1, and p(N) is abelian. By
Lemma 2.9(i), |det(I — p(g)D¥)| depends only on the coset gN, and the result then
follows from Proposition 5.2. O

Corollary 5.19. Let G be a virtually polycyclic group and let ¢ € End(G). Then
R(¢p) is an integer.

Proof. Choose N as in Definition 4.1. For every [t|¢ € Fix(P,), the subgroup
D; = C; N N is an N'R-group by Lemma 2.4. Applying Corollary 5.18 with k = 1,
we find that every outer summand in eq. (4.1) is an integer, hence so is their
sum. ]

6. RATIONALITY OF THE TAMED REIDEMEISTER ZETA FUNCTION

Armed with the determinant averages from the previous section, we are now
ready to define and prove the rationality of the tamed Reidemeister zeta function.
Following the approach of Fel’shtyn and Hill in [8, Thm. 6], we group the conjugacy
classes of torsion elements into periodic orbits of P,, and show that the classes in
each orbit all have the same summand in eq. (4.1). This way, we show that R (2)
is a product, taken over the periodic orbits, of rational functions, and is therefore
rational itself.

Definition 6.1. Let G be a virtually polycyclic group and let ¢ € End(G). The
tamed Reidemeister zeta function of ¢ is the zeta function

N 2. R(pF
R,(z) == exp Z %zk.
k=1

The formal power series in the exponent converges for z € C with sufficiently small
modulus, as established in Theorem 6.5 below.

6.1. Periodic orbits.

Lemma 6.2. Let G, H be two N'R-groups, and let ¢: G — H and v: H — G be
two homomorphisms. Then (@) = T(p).

Proof. Since p(p) = (p)p and Y(py) = (Yp)1, we get induced maps

@: R[ye] = Rlpy]: [glye = [0(9)]oy,
: Rlpy] = R[ype]: [hloy = [(R)]ye-
For any 6 € End(G) and any z € G, we have that [z]p = [0(x)]s. Thus, we find that

(¥®)([g]we) = [(¥0)(@D]ye = [glye,
and similarly ®¥ is the identity on R[p]. Hence R(y¢) = R(¢v), and by Propos-
ition 2.7 then (o) = T(p) as well. O

Lemma 6.3. Let C,C’ be groups and let D < C and D' < C' be N'R-subgroups of
finite index. Let

a: C—C, B:C' = C
be homomorphisms such that a(D) < D' and 8(D’) < D. Then

ﬁ S r(Balp)

cDeC/D

=ﬁ S r(waBlp).

¢D'eC’ /D’
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Proof. Forc e C, ¢ € C’, we apply Lemma 6.2 to the homomorphisms ¢.3|p/: D' —
D and voa|p: D — D’. This gives us that

T(tep(eyBalp) = T(tera(e)B|Dr)-
For a fixed ¢/, the map c¢D +— ¢B(c’)D is a bijection of C/D, and similarly for the
map ¢’ D' — c'a(c)D’ with c fixed. Therefore,

1 1 1
[C: D] Z 7(teBalp) = [C": D] Z [C: D] Z T("cﬁ(c’)ﬂalD)
’ cDeC/D ’ ¢'D'eC' /D’ ’ cDeC/D
1 1
~[C:D] > C-D] > Tleaeeblo)
" lepec/D ’ ¢'D'eC’ /D’
1
= W Z T(I,C/O{B|D/). D
) ¢'D'eC’/D’

We now apply these results to the periodic orbits of P,.

Proposition 6.4. Let G be a virtually polycyclic group, let ¢ € End(G), and let O
be a periodic orbit of P, of length l. There is a sequence (Ak7@~)keN of integers such
that every class in O has summand Ay o in the definition of R(¢*). Moreover, its

associated zeta function
(oo}

Ay, O k
Z = —_—
o(z) = exp ; 2

exists and is rational.

Proof. Let N be as in Definition 4.1. We will start by comparing the summands of
[tlg and [p(t)]c in R(¢™), for some m € N and some conjugacy class [t]g € Fix(P}").
We set t' := ¢(t) and choose g € G such that t = go™(t)g~".

Consider the homomorphisms

a=¢|c,: Cy = Cy, B = Lgsom_1|ct/ : Oy — Cy,
and note that a(D;) < Dy and 8(Dy) < D;. Composing them both ways gives
Ba = 140" c,, aB = ty9)9" o, -
Applying the previous lemma gives us that the summands of [t]¢ and [t']¢ are one
and the same. Continuing this inductively, the summands of [t]g and [¢*(t)]c are
the same for every i € {1,...,m — 1}.

Now fix [t]g € O, choose g € G such that t = gp'(t)g~! and set 1 == 1,¢'. Then
P(t) = t, so both C; and D; are 1-invariant. We define

1
Ao = ——— k .
k,O [Ct : Dt] Z T(LC¢ |Dt)
¢Dy€C:/D;
We set h := gpt(g) - - - o*~D!(g) such that 1* = 1,*. Since ¢*(t) = t, A o is the
summand of [t]g in R(¢*"), and hence also that of every other class in ©. Finally,

applying Corollary 5.18 gives that Aj o is an integer and that Zo(z) exists and is
rational. O

6.2. Rationality.

Theorem 6.5. Let G be a virtually polycyclic group and let ¢ € End(G). Its tamed
Reidemeister zeta function R,(z) exists and can be decomposed as

Ry(2) = [] 20o(2),
(@]

where the product runs over the periodic orbits of P,, 1(O) is the length of the orbit

O, and Zp(z) is defined as in Proposition 6.4. Consequently, R,(z) is rational.
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Proof. Since P, = PJ;, a conjugacy class [t]¢ belongs to Fix(P,x) precisely when
it lies in a periodic orbit of P, whose length divides k. Hence Proposition 6.4 gives

R(p*) = Z UO) Ay y0),0- (6.1)
O periodic
1(0)|k

By Proposition 6.4, each sequence (A, 0)men has an associated zeta function.
Thus, for each periodic orbit O, there exist constants Cp > 0 and Ex > 1 such that
for every m € N, |Ap, 0| < CoEZ. There are only finitely many periodic orbits O
by Proposition 3.1, so we can take

C = Zl((’))C@, E = mngo.
(@]

Using eq. (6.1) we obtain
0<RH < S UOCoEY® < CE".

O periodic
HO)lk

Consequently, the series defining R, (z) converges absolutely for |2| < 1/E.
Using eq. (6.1) once more, we get that

. ® R(p*
R,(z) = exp Z %zk
k=1

— Agjy0),0
=expz Z l((?)%z’c

k=1 O periodic
HO)lk

— = Amvo ml(O)
expz Z — =z

O m=1

=[] 2o (z").
(@]

Each factor is rational by Proposition 6.4, hence so is their finite product. (]

At the end of Section 4, we mentioned cases in which the tamed Reidemeister
number equals the (ordinary) Reidemeister number or the Nielsen number. These
comparisons can be extended to the associated zeta functions.

Corollary 6.6. Let G be a virtually polycyclic group and let ¢ € End(G) be tame.
Then R,(z) = Ry(2), and in particular R,(z) is rational.

Proof. Since ¢ is tame, R(¢") < oo for every k. By Proposition 4.4, R(¢"*) = R(¢"),
hence also R,(z) = R,(z). Rationality then follows from Theorem 6.5. O

Corollary 6.7. Let M be a compact infra-solvmanifold and let f: M — M be a
self-map. Then its Nielsen zeta function Nf(z) is rational.

Proof. By Proposition 4.5, N(f*) = R(fF) for every k € N. Thus N¢(z) = Ry, (2),
and the latter is rational by Theorem 6.5. (]

We finish this section by relating our results to previous work.
Remark 6.8. For a finite group G, the product in Theorem 6.5 reduces to the formula
of Fel’shtyn and Hill [8, Thm. 6]. Indeed, if N =1, then D; =1 and 7(idfy) = 1.
Hence Ay o =1 for every k, and Zo(z) = (1 — 2)~!. Thus:

Ro(d) = () =[] oy
(@}
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Remark 6.9. Deré proved that the Reidemeister zeta function of a tame endomorph-
ism of a virtually polycyclic group always coincides with that of a tame, injective
endomorphism of a virtually nilpotent group [7, Cor. 2.4]. Thus, rationality of
Reidemeister zeta functions on virtually polycyclic groups also follows from the
combination of Corollary 6.6, restricted to virtually nilpotent groups, and Deré’s
result.

7. FUTURE WORK

We conclude this paper by suggesting some directions in which the study of
tamed Reidemeister numbers can be continued.

A first direction is to extend the results of this paper to bi-twisted conjugacy,
which has received attention recently for e.g. finite [24] and nilpotent [9] groups.
Given ¢, 9 € End(G), the bi-twisted conjugacy classes are the equivalence classes
of the relation

91 ~pp 92 = TR EG: g1 = p(h)garp(h)~ .

Their number is called the coincidence Reidemeister number R(p,1). Both of the
formulas unified by Theorem 3.3 have “bi-twisted counterparts”. On the one hand,
in [24, Cor. 3.2], Senden and the author obtain the following formula for finite

groups: R(ov) — Z [tlc]
/ 2 el

le®]e=l®)e
On the other hand, averaging formulas for infinite groups are also known; see e.g.
(18, Thm. 4.9] and [13, Thm. 4.2]. It is therefore natural to ask whether Theorem 3.3
admits a bi-twisted analogue, which reduces to the aforementioned formulas in their
specific settings.

Moreover, coincidence Reidemeister and Nielsen zeta functions have also been
defined, and here rationality already fails in very simple cases [9, Ex. 4.5]. By
imposing additional restrictions, though, rationality has been obtained in certain
situations; see e.g. [2, Thm. 3.8(3)] and [12, Sec. 7]. These results suggest that the
study of “compatibility conditions” on a (tame) pair of endomorphisms or self-maps
may be a worthwhile endeavour. In particular, if the tamed Reidemeister number
can be extended to bi-twisted conjugacy, it would be nice to see if these same
conditions then guarantee rationality of the tamed Reidemeister zeta function.

A second direction is to extend the definition of the tamed Reidemeister number
to a larger class of groups. Definition 4.1 depends on Propositions 2.5 and 3.1,
and is therefore limited to virtually polycyclic groups. Perhaps we can extend the
definition of 7, and then find a larger class of groups for which Proposition 3.1 holds
and which admit finite index subgroups on which 7 is then defined. Or, even better,
perhaps there is another way of defining R(p) without the use of a formula like
eq. (4.1), such that it still coincides with R(p) and N(f) when relevant.
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